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Filippo Terragni, Eduardo Sdnchez Villasefior, Manuel Carretero Cerrajero

Problem 1. Consider the monotone increasing sequence (a, )nen defined by the following
recursive formula

a =0;

ani =+V4a,+5, with n>1.

Prove that the sequence is bounded and calculate lim a, .

n—oo

SOLUTION

Let us suppose that the sequence has a finite limit, say lim, ., a, = a € R. Then, as
n — oo in both sides of the recursive formula, we have

a=v4a+5 = a*=4a+5 = a=-1,5,

where the value a = —1 must be discarded, since the sequence is increasing with positive
terms. Thus, a = 5 is the only candidate to be the value of the limit.

Now, let us prove by the principle of induction that the sequence is bounded above by
5 namely 0 < a, < 5 for alln € N. First, such property holds for n = 1, namely
0 <a; =0<5. Then, assuming that 0 < ay <5forn =k € N,we get (forn =k + 1)

0< Ay41 :\/4(1k+5 < V4.5+5 =5.

Hence, the sequence is bounded and has a finite limit thanks to its increasing behavior.
As a consequence, the desired value of the limit is a =5, as previously calculated.



Problem 2. Find all values of the parameter x € R such that the series
32k, 3k

— (2k + 1) 5k
is convergent.
SOLUTION
32k X3k
Let ay = m . Then, we have
ak+] 3 Zk + ] 9 3
= Z - k .
o ||2k—i—3 — 5le as k — oo

Thus, thanks to the ratio test, the series converges if

51/3 51/3)

9 oo .
§|X| < — |X| < = — X € —m, M

9

while it diverges if

9 3 51/3 51/3
gyx\ >1 & «x¢ —oo,—91/3 9]/3, .

On the other hand, let

9 5
=1 = k=5 = x=45.
Then, for x*> = 5/9, the series is
k=1 =1
which diverges, while for x* = —5/9 the series is

Y e =y S
k=1 o 2k
which converges by the Leibniz test. Hence, we can conclude that the proposed series is

convergent if and only if
51/3 5173
xe |3 5m)

91/37 91/3



Problem 3. Consider the function

Prove that F(x) is odd.

Prove the existence of the limit ¢ = lim F(x).

X—00

Prove that the function F: R — (—(, ) is monotone increasing.

Calculate (F7')’(0).

Calculate lim SX_—SF(X) )
x—0 X

SOLUTION

e The function F(x) is odd since
—5x . 5x 4
F(—x) = J e’V dt = —J e ™ du = —F(x),
0 0

where the second identity is obtained by means of the change of variable u = —t.

e First, note that

5x 0o
¢ = lim F(x) = lim J et dt = J e 7t dt

X—00 X—00 0 0

is an improper integral of the first kind (of a positive function). Then, we have

—7t* .
lim = lime /" = 0.
t—o0 eft t—o0

Thus, since [ e *dt converges, by the limit comparison test we can conclude that also
oo 7714 . . .
Jo e’ dt converges, namely the limit { exists.

3



e The function F(x) is increasing as

)4

F(x) =57 >0

for all x € R. Note that F/(x) has been calculated by means of the Fundamental Theorem
of Calculus.

e Thanks to the result in the previous item, F~'(x) exists. Moreover, we have

1

1 1 1

T F(F0)  FO) 5

(F)'(x) = (F1(0)

where the last-but-one identity holds since F(0) = 0, while the last one is obtained from
the expression for F'(x) calculated before.
e By applying the I'Hopital’s rule twice, we get

—F —F _ —7(5%
limSX—(X) = limS—(x) = limL — lim 7-5%e 759" = 4375,
x—0 X5 x—0 5X4 x—0 5X4 x—0



Problem 4. Calculate

dx
J(x+1)4/3—(x+1)2/3'

SOLUTION

Let us apply the change of variable

1
u=(x+1": du= g(x—H)_z/g‘dx — dx = 3u’du.
Then, the given integral is transformed into

dx u? du

J(X“)““—(XH)ZB :3deuzsjm°

Now, we can write

1 1 12 12

w—1 (u—"1u+1 u—-1 u+l

and finally

w—1 2Ju—1 2Ju+1 2 2 ’

where c is an arbitrary constant. Thus, we get

J dx §
(x+1)43—(x+1)23 2

withc € R.



