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1 REAL VARIABLE FUNCTIONS 3

1 Real variable functions

1.1 The real line

Problem 1.1.1 a) Direct calculation, for example

i)a < Vab < a®> < ab < a < b.

b
\/E<%<:>4ab<a2+b2+2ab<:>o<a2+b2—2ab<:>0<(a—b)%:»a;éb.

k
ii)%<%<:>a(b+k) <bla+k) < ak < bk <= a <.
We have used the hypotheses about the signs of a, b and k; some of the operations are false with
different sign.
b)
la +b| = |a] + |b] <= a® + b* + 2ab = a* + b* + 2|a| |b| <= ab = |ab| <= ab > 0.

¢) By the triangular inequality, |a| = |a — b+ b| < |a —b| + |b], so |a — b| > |a| — |b|; by the same
reason, |a — b| > |b| — |al.

) 9 T Y zrty-z+ty if r<y e) f(z)=max{z,0} = 5

Problem 1.1.2 Write n = 2%r, where r contains no square factor. If there exist p, ¢ € Z, with
g.c.d.(p,q) = 1, such that p?/¢?> = n, we have p? = 22¢*r, which implies p = kr for some k € Z.
Then, k*r? = 22¢%r, which implies ¢ = mr for some m € Z. Finally g.c.d.(p,q) > r that is a
contradiction.

Problem 1.1.3 ) A={-8<z-3<8}=[-5,11]. i) B=(3/2,2)U(2,5/2).

i) C = { (z ;%2(3:—3) >0} =(—00,2]U[3,00). i) D = (—00,—3)U(0,5).

vi) F={2>>4,2>0}U{22<4,2<0}=(-2,0)U(2,00).

vii) G = [=1,1/2). wviii) H= (1 -+/2,1)U(1,1++?2). iz) I ={3, —4}.

z) J ={z—-14z-2>Lz>l,z>2}U{z—142—2z>1,z>1,2<2}
Ul—z+z-2>1Lz<l,z>2}U{l—-z+2—-2>1,2<1 2<2}
={z>2}UbdUDU{z<1}=(—00,1)U (2, 00).

Problem 1.1.4b
i) A={a, % b). i) B = (a,b). iii) C = (—o0,a). i) D = (b,o0).
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Problem 1.1.5 a) sup A =3, inf A = min A = —1, there is no maximum.
b) supB =maxB =3, inf B=minB = —1.

¢) supC = maxC = 3, inf C' = 2, there is no minimum.

d) inf D = min D = 2, there is no maximum nor supremum.

e) supE =maxFE =3, inf E=minE = 1/3.

f) sup F =d, inf F' = a, there is no maximum nor minimum.

g) supG = maxG = 7/10, inf G = 0, there is no maximum.

h) sup H =max H =2, inf H = —1, there is no minimum.

Problem 1.1.6 i) The interior of a band. 4i) The region bounded by a parabola and a
straight line. 4i7) Infinite parallel lines. 4v) A diamond (rhombus). wv) The interior of a
circle. wi) Two secant lines. wii) The interior of two quarters of an ellipse, including the
boundary. wiii) The interior of a half annulus, with the lower boundary and the smaller half
circumference.
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1.2 Elementary functions )
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Problem 1.1.7 The directing vectors are (1, m) and (1,n). They are orthogonal if their scalar
product is null: 14+ mn = 0.

Problem 1.1.8 a) 2?4 (22 —1/4)2 = (22 = N2 = A\ = —1/4.

1
b) (:E—a)2-|—(y—b)2:(y—)\)2=>y:a:c2+5m+7witha:m,ﬁzﬁ,
_a2+b2—)\2
ESTSY)
22 o2
Problem 1.1.9 a) /(z—¢)?+ 42+ (z+)?+y? =2a= o + ot 1, an ellipse.
72 Y2
W) 2 _ — )2 2 -9 - —~ _—=1,ah bola.
b) Viz—cP2+y2—(x—c)2+y e e B , a hyperbola

1.2 Elementary functions

Problem 1.2.1 i) R—{2,3}. i) {—1,1}. iii) [-1,1/v2)U(1/v2,1].
iv) {V3<|z| <2} ) (0,e)U(e,00). wi) (0,1). wii) (0,1)U(1,5]. wiii) [1/e,e].

Problem 1.2.2 a) f+gisodd, fgiseven and fogisodd. As an example, for the composition
we have:

fog(=z) = fg9(—2)) = f(—g(x)) = —f(9(x)) = —f o g(x).
b) f+ g is not even nor odd, fgis odd and f o g is even. For example, for the product

f(=z)g(—x) = f(x)(=g(2)) = —f(z)g(x).

Problem 1.2.3 Even #ii) and iv); odd i) and vi). For the last one observe that:

log(V#? + 1+ z) = log <;> = —log(Va?+1—ux).

24+1—z
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a az+b +b
Problem 1.2.4 %d =1 = a = —d with a® + bc # 0 (in other case the denominator
Ccz+d

is null, or, what is the same, the function is constant and the conclusion is impossible). or
a=d,b=c=0.

3 3
Problem 1.2.5 It is injective because o1+ -2 + implies x1 + 2x122 + 3 4+ 629 =
1+ 22 14 229 5
Ty + 22129 + 3 4 621, that is, 1 = x2. The image is R\ {1/2} because f~'(y) = 1y _2
-4y

defined for all y # 1/2.

Problem 1.2.6 a) 1) Injective, since 7z — 4 = Tz — 4 = 11 = x9; the inverse is f~1(y) =

#. ii) Non injective, f(x) = f(x + 2r/7). iii) Injective, f~1(y) = (y — 2)/3 — 1. iv)
Injective, f1(y) = Z{T_; v) Non injective, f(0) = f(3). wvi) Non injective, f(3) = f(1/3).

vii) Injective, f~1(y) = —logy. wiii) Injective, f~1(y) =e¥ — 1.

b) f(x1) = f(x2) implies z1 + xz2 = 3, that is impossible if x, x2 > 3/2.

¢) f(x1) = f(z2) implies z1z9 = 1, that is impossible if z1, zo > 1. f71(v/2/3) = V2. d) i)
Bijective. i) Non surjective: I'mg(f) = [—1,1]. iii) Bijective. iv) Non surjective: I'mg(f) =
R — {1}. wv) Non surjective: Img(f) = [—1/4,00). wvi) Non surjective: Img(f) = [—1/2,1/2].
vii) Non surjective: Img(f) = (0,00). wiii) Bijective.

Problem 1.2.7 For i) and i) obtain first cos(2z). For idii) calculate first tg(x + y) and
for iv) use cos(2z) and sin(2x).

Problem 1.2.8 A(sinxcosB + sinBcosz) = asinz + bcosz = AcosB = a, AsinB = b

= A =+Va?+b?, B = arctg(b/a).

1,1
5+ 3 1 1
Problem 1.2.9 i) tgz = 12—131 =1,s0x = %+ km. Since arctg§ and arctgg both
™ 2 % ™
belong to (O’Z) we have thatxe((),§),so:c:z
2+3 T
= ——1 _ ——
i) tgx 1-2.3 =z 4—|—k7r, )
T 0 7T
tg 2 t - = — =—.
arcg,arcg3€(4,2):>x€(2,7r):>x 1
1_1_1/5—0—1/8
277 a0 T )
ZZZ) tgx—w—1:>$—4+kﬁ,

2 1-1/40
1 1 1 m 3m T
tg =, arctg =, arctg = Z 0, ==
arcgz,arcg5,arcg8€(O,4)z>a:€(,4):>a: 1
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Problem 1.2.10 Be careful with the sign.

i) arccoszx € [0, 7] = sin(arccos z) > 0 = sin(arccosx) = 1 — 2.
i1) arcsinz € [—7/2,7/2] = cos(arcsinz) > 0 =

sin(2 arcsin z) = 2sin(arcsin ) cos(arcsinz) = 2zv'1 — 2.
sin(arccosz) V1 — z?
cos(arccosz) x

2z

241"

141) By the first part, tg(arccosz) =
iv) sin(2arctgr) = 2tg(arctg x) cos?(arctg ) =

2 2 2
2z ze—1
v) cos?(2arctgz) = 1 — ( ) = < > ; in order to know what is the sign in the root,

z2+1 1+ a2
1—a?
observe that |z| < 1 = 2arctgz € [—7/2,7/2] = cos(2arctgz) > 0 = cos(2arctgx) = T2
x

2
analogously, cos(2arctgx) < 0 for || > 1, that is, cos(2arctgz) = er in all cases. wi)

x

e4log:v — 1,4.

Problem 1.2.11 2% = (32)% = 3zlogz = zlog(3z) = 2logz =log3 = = = /3, y = 3V/3.

Problem 1.2.12 i) Vertical shift. i) Horizontal shift.  4ii) Horizontal dilation or
contraction. ¢v) Inversion in the horizontal axis. v) Replaces the part {x < 0} by its
symmetric with respect to the vertical axis of {x > 0}. wvi) Symmetry with respect to the
horizontal axis of the negative part of the function. wvii) Inversion in the vertical axis. wviii)
Positive part.

y =sin(x) y =0.5 +sin x
1t 1.5F

0.5}f 1t

} 0.5F
-2 1
-2 -7 \/
-0.5F
y =sin (x+0.5) y =sin (2 x)

1F 1

0.5 / 0.5F
-2 — 7T b 2 -2 ud 2/t

0.5}f
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- y=1sn (0]
X 1F
ﬂ 5-
5 -2 T T
-Tl' n
-0.5}F
il -1F
y =max{sin x, 0} 1
y:
1 sin(x)
0.5} 1F
-2 -t —1F 27
-2 —-7T 7T 27
y =max{sin x, 0}
1
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Problem 1.2.13

y=(x+2)2-1 y=va_x
5-
4-
3
2-
1F
-4 -3 -2 21
-1F
4
y=x2+—
X
15
10f
5.
-3 -2 -1 1 2 3
-10} -3 -2 -1 1 2 3
y=min{x,x2} y=|e*-1]
1.5}
1.5}
1.0f
1.0}
0.5}
0.5}
-0.5 0.5 1.0 15
-0.5f -6 -5 -4 -3 -2 -1 1

y=11[1/x]
yy x=I[xl] 10 -

0.8
0.6
0.4

0.2 -




1.2 Elementary functions 10
y= |1 y=1-¢"
a0l 1.0}
25} 05
2.0} . .
-1 1 3 4
1.5F
05f
-1.0F
. ) -1.5f
-2 -1 1 2
_ 2
y =log (x“-1) y =xsin
3 -
2 9
1F
-4 -2 2 4
-1}
-2F
_at -0.10k

Problem 1.2.14

a) sinhz is odd and cosh z is even; for example
sinh(—z) = ————— = —sinh(z).

1
b) i) Z(eQZ +e 2 1 2) — %1(62“’ +e 2 _2) =1,

sinh(x)

1 —
in)  2- §(e“’ —e 7). %(e“’ +e ) = %(62“’ —e727), c

1
¢) x = sinh(y) = §(ey —e7Y); writing t = Y > 0 we have

t—1/t=2z=t=zxVal+l=>t=zx+Vi*+1l=
sinh™' 2 = log(x + Va2 + 1).

Problem 1.2.15 ) Half circumference. i) A ray (half straight line). 4ii) A circumference.
iv) A spiral. v) A spiral. vi) A ray. wvii) A cardioid. wviii) A lemniscata. ix) A rose of

four petals. ) A rose of three petals.
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r=|cos(26) |

r = PositivePart (sin (3 8))

12

Problem 1.2.16 i) The interior of an annulus.
an spiral arc. ) A triangle.

0.5

i7i) The interior of

, ; , , i)
o Ji— — ] 2of - - - . - - ™
2/ / \ 1.5+ ]
OA ( /K : | 1.0+ i
[\ \ |/ :
b N /] 0.5+ 1
_47 \\~/ ] 0.0[ . . . . ! ) L
I 0.0 05 1.0 1.5 20 25 3.0 35
i iv)
2
o 1.0
/
1 / \‘f
, ‘/’ y 0.8
-1 \1 06
-2 \
0.4
-3
02
-4
e e e BT 0.2 0.4 0.6 0.8 1.0
~ ERC-

DO



