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4 LOCAL STUDY OF A FUNCTION

4 Local study of a function

4.1 Graphic representation

Problem 4.1.1 i) f is concave in (—oo, —2), and convex in (—%,0) U (0,00). ii) f is convex
in its domain, (2,00). i) f is convex in R. ) f is concave in its domain, (—oo,2) U (4, 00).

Problem 4.1.2 a) If h=fogand f/ >0, f/ >0, ¢ > 0, then we have:
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e*sinx, x<0
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' (x) = f"(9(x)) (¢'())” + ' ((9(2)) ¢"(x) = 0.
b) Since g is convex : g(Ax + (1 — N)y) < Ag(x) + (1 — A)g(y), since f is increasing and convex:

h(Az + (1 = Ny) = flg(Az + (1 = Ny)) < f(Ag(z) + (1 = Ng(y))
< Af(9(@)) + (1 =X f(g(y)) = Ah(z) + (1 = Mh(y).
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4.1 Graphic representation 32
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4.1 Graphic representation
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4.1 Graphic representation 34
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4.1 Graphic representation
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Some of the mappings appear twice, using different scales to observe some special behaviour.

Problem 4.1.5

Min[log | x*-3 | log | x+3]]
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4.1 Graphic representation 36
arctan (IOQ | X1 |) Zarctan(x)+arcsin[ 2x ]
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There are three solutions of the equation 1 = g3,
x
one is = 0, another is in (0,00) and the third is 5
in (—oo,—1). It is enough to study the monotonicity
1/z
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of the function g(z) = vz z° in each one of the 3o — y > 3
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4.2 Taylor polynomial 37

1

Problem 4.1.8 1 +log(1 + (arctan x)?)

a) Img(f)=[1,1+m2/4).
b) A>0 or A< —log(l+72/4).

. 1
) sup(g) = max(g) = 1, inf(g) = T N

Problem 4.1.9 )
log (1+x°}, | x| +log (2)-1

a) x = £1, y = o + log2 — 1. b) If the functions
f(z) = log(1 + 2?) and h(z) = |z| + « intersect at
x = £A (by symmetry), then we have f(A) = h(A),
f'(A) = 1/ (A), which implies A =1, a =log2 — 1.

2) —g(—1 1 2
0) M ==-=g(c) = 1 —I—CCQ implies ¢ =
3—2V2.

241 3
log(2)}

Problem 4.1.10 a) , f'(z) = 2?~' —b =0 = z = bY/®=1 f" is positive for z > b'/~1
and negative for 0 < z < bl/(p_l), so z = bY/ =1 is an absolute minimum in (0,00), so for any

0<a: 1)
P pp/ (p—
fla) == ~ba >
p
b) A= % = 1-\= %. By the concavity of log z:

p q
— ppt/ (=) — _lbq — + " > ab.
q P q

P 1 1 P
log (a_ + b—) > —log(a?) + —log(b?) = log(ab) = 24 " > ab.
p q p q p q

4.2 Taylor polynomial

1 1 1 1 1
Problem 4.2.1 il) e“sinlx = (1 +z+ 5:132 + 6:133 + %;:4 + ) (:E - 6:53 + Hq:f + - 12)1, SO
Pso(z) = x+x2+§§3— %4335; i1) P5gs(;:) = 1—3x2+€x4; mi Pso(z) = x_E$3+m$5;
iv) P5,0(~'U) = —T— §$2 - §£E3 —zt - m$5; U) P570(£E> =z%— 65!?4; Ui) P5,0(5L‘) =1+ x3.

Problem 4.2.2 Py4(z) = —56 + 21(z — 4) + 37(x — 4)2 + 11(z — 4)* + (= — 4)%.



4.2 Taylor polynomial 38
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Problem 4.2.3 a) P, _i(x) = — Z(az +1)% b)) Pyo(z) =2 T Z =
"ok N k n k
x (2x) 2428
C)Pn,0($)21+QZE+Z o =4+ T
k=0 k=0 k=1
Problem 4.2.4 i) lim ST im S 217 = 0.
z—0 % z—0 X
log(1 + 22 1 tgx — si
i) tim 22T o tim 8% 0. ) lim Brosinr _,
z—0 x T—00 I x—0 x
1 2/2 ) — H-1 1
Problem 4.2.5 i) L = lim tota/24 0(3:2) z +o(z’) ==,
z—0 X 2
_ 23 5 12 5\ 3 1
ii)Lzlimx 2°/6 + 2°/120 + o(2®) —x + 2°/6 _ '
z—0 0 120
1 -1 2 1
i) I = lim +o(z) + /2 + o(x) _1
z—0 z + o(z?) 2
i) L = lim z+x3/3 + o(x3) —3:E+x3/6 + o(z?) _ 1
z—0 X 2
3 3
- 1
v) L = lim z—2 4276+ ofz) S
a—0 (1 —14922/2 + o(x3)) 27
2 3 2 3/6 _ 0
vi) L = lim 1—2/2+o(x )+1+x3+ac /2+x°/6—x—2 :1'
z—0 T 6
g . sinz—z . w+o(z?)—a
vii) L =lim ——— = lim ———— =0
=0 rsinz =0 z(x + o(z?))
viii) I = lim w ~ lim z—23)6+ o(23) — x + 23/2 + o(z) _ 1
e—0  x?sinx 2—0 x3 4 o(x?) 3

vi+t+vV1I-t—-2
t—0 12 -

1+t/2—t2/8 +o(t?) +1—t/2 —t2/8 + o(t?) — 2 1
m __z

ix) L =1lim

= lim 2 4

T R A B |
o) L=lim [z -5 (t-F +ot)] =3

Problem 4.2.6 Pyo(z) = 1+ 2% so we have f/(0) = f7(0) = f(0) = 0, f*)(0) > 0, and then
the origin is a minimum.



4.2 Taylor polynomial 39
Problem 4.2.7 (0.1
1 0.1 0.03 0.005 35- (0.1
=1-—=4+—=— - — = 0.95343 ith ———— < 0.00003 .
a)\/ﬁ 5 + S 16 +e + ¢, with |¢] < o7 <
1 1 10
b) V2B=3+————+c=30 ith [e] < ————— < 0.00001 .
) 3+27 2187+E 3.03658 + ¢, wi |E|<177147.3!<0 0
3 4
4-(1/4
Problem 4.2.8 a) Psp(z) =2+ + % b) |e| < % < 0.0007.
3 -3
Problem 4.2.9 |g|< — <107 = n > 6.
(n+1)!
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