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4 LOCAL STUDY OF A FUNCTION 21

4 Local study of a function
4.1 Graphic representation

Problem 4.1.1 Study the concavity and the convexity of the following functions:

i) flx)=(xz—2)2%3, @) flz)=z(x—2)%2
i) f(x) = |zlel], iv)  f(z) = log(z? — 6x + 8).

Problem 4.1.2

a) Prove that if f and g are convex functions twice differentiable and f is an increasing function,
then h = f o g is convex.

b) Prove the same but now without the differentiability hypothesis.
Problem 4.1.3
a) Sketch the graph of the function f(z) = x + log|z? — 1.

b) From it, draw the plot of the functions

i) g(z) = |z| +log |z — 1], ii) h(z) = |z +log|z? —1]|.

Problem 4.1.4 Represent graphically the following functions:

i) y=e"sinz, i) y=+vVaz-1-1, iii) y = xel/*,
1
w) y =z, v) oy = (x—2)a3, vi) y=(a®~1)log] T
-
/i) z i) 2 —1 ) el/z
2 = 11 = =
vy logz’ E A AR Vs
ex
z) y=log[(z —1)(z —2)], xi) y= , xii) y = 2sinz + cos 2z,
z(z—1)
i) 1= v =V ) :
xiii = — xiv = /| — 4|, v =—,
Y 4?2 +1 Y Yo lter
e2:v
Vi) Y= — T xvii) y=-e Tsinz, wviii) y = x?sin(1/x).
e —
Problem 4.1.5 Represent the graph of the following functions:
i) f(x) :min{log|ax3—3|, log|3:+3|}, ii)  g(x) = 1 7
[z =1 |z =1

1 1
h ; k — 2_1
i1i) (x) = e 1 | al a >0, iv) (x) = zy/|z l,

2
v)  p(x) = arctg(log(|2? — 1)), vi) w(x) = 2arctgx + arcsin (—1 +:1c 2).
x
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Problem 4.1.6 Plot the graph of the function

1/z

e
and study in a reasoned way how many solutions the equation T2 x> has on R.
x

1
Problem 4.1.7 Given the function f(z) = 3:——332, represent the graph of the functions
x
) gle)=swpf(y), i) @)= it f).
y>x y>z

Problem 4.1.8
a) Calculate the image of the function f(z) = 1 + (arctgz)?.
b) Calculate the values of A € R such that the function

1
9 = T Tog (@)

is continuous on R.
¢) Find the supremum and the infimum of g if A = 1.

d) Sketch the graph of ¢ in this last case.

Problem 4.1.9 We consider the function f(x) = log(1 + 22).
a) Calculate the tangent lines at its inflection points and sketch the graph of f and those lines.

b) Prove that the function g(x) = max{ f(x), |z|+« } verifies the hypotheses of the mean value
theorem on any interval [a,b] C R if and only if o = log2 — 1.

¢) For the previous value of «, obtain the point or points whose existence is guaranteed by the
aforementioned theorem applied to the function g on the interval [—1,2].

Problem 4.1.10 Prove in two different ways the following inequality:

aP b

ab < — 4+ —, a,b>0, p,qg>1, + - =1,
p q

=
Q| =

P
a) minimizing the function f(x) = T bx;
p
b) using the concavity of the function g(z) = logx, and applying the definition to x = o, y =

1
WP, = -
D
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4.2 Taylor polynomial
Problem 4.2.1 Write the Taylor polynomial of order 5 at the origin of the following functions:

—X

i) e"sinz, i) e ¥ cos2x, i) sinxcos2z,

1
1—a3

iv) e%log(l—x), w) (sinz)? V1)

Problem 4.2.2 Write the polynomial 2% — 522 + 22 — 3z 4 4 in powers of = — 4.

Problem 4.2.3 Obtain the Taylor polynomial of order n at the given points of the following
functions:

a) f(x)=1/z at a= -1,
b) f(x) =2e 2" at a=0;
¢) f(x)=(1+e%)? at a=0.

Problem 4.2.4 Prove the formulas:

i) sinz=o(z%), Va<l, when z — 0;
ii) log(1 + z?) = o(x), when x — 0;
iii) logz = o(x), when z — oc;
iv) tgx —sinz = o(x?), when x — 0.

Problem 4.2.5 Find the following limits using Taylor’s theorem:

T —sinz —1 inx — 3/6
DR p— i) lim LTI /6
z—0 x z—0 X
. cosxr —V1—=x . . tgx—sinx
1) lim ———— i) lim —————,
z—0 s x z—0 x
) xr —sinx )i cosx +e¥ —x — 2
v im —, ) im ,
z—0 x(1 — cos 3x) —0 a3
1 1 1/1
vit)  lim (— e ) , viid)  lim — (— — cot x) ,
z—0 \ T s x =02 \ X
iT) li_>m 22(Vr + 1+ Ve —1-27), x) li_>m [z — 2?log(1 + 1/z)] .

Problem 4.2.6 Obtain the Taylor polynomial of order 4 at the origin for the function f(z) =
1 4 23 sinz and decide if f has at that point a maximum, a minimum or an inflection point.
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Problem 4.2.7

1
a) Calculate approximately the value of \/ﬁ using a Taylor polynomial of degree 3. How much

is the error?

b) Approximate v/28 using a Taylor polynomial of degree 2. Evaluate the error.

Problem 4.2.8

a) Approximate the function f(z) = cosx + e* using a Taylor polynomial of third order at the
origin.

b) Estimate the error when we use the previous approximation for z € [—1/4,1/4].

Problem 4.2.9 How many terms are necessary in the Taylor expansion at the origin of the
function f(x) = e” in order to obtain a polynomial which approximates it on [—1, 1] with three
exact figures?
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