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5 Sequences and series of real numbers
5.1 Sequences of numbers
Problem 5.1.1

a) Let {z,} be a convergent sequence and {y,} a divergent one, what can we say about the
product sequence {x,yy, }, sum sequence {x, +y,} and quotient sequence {y,/x,} (supposing
that z,, # 0 for all n € N)?

b) Prove that if {z,} is convergent, then the sequence {|x,|} is also convergent. Is the reciprocal
true?

¢) What can we say about a sequence of integer numbers that is convergent?

d) Show that every convergent sequence is bounded.
Problem 5.1.2 Consider a sequence a,, that verifies the recurrence relation
Qpt1 = Qp + Qp—1, n > 1.

a) Prove that if both a, and b, verify this relation, then o, = Ca, + Db, also satisfies the
relation for all C, D € R.

b) Look for solutions in the form «, =™, r € R.

¢) Find a sequence with the following two first terms: a9 = 0, «; = 1. (This is the famous
Fibonacci sequence).

Problem 5.1.3 Obtain the limit (if it exists) of the sequence defined by the following recur-

rence relation:
Un—1 + Up—2

2 )
(Hint: use the technique of the previous problem.)

Up = ug =a, uy =>o.

Problem 5.1.4 Find the general term of the following sequences defined by recurrence and
obtain the limit if it exists.

i)ao =0, apt1=
Problem 5.1.5 Consider the two sequences:

2n+3 .. 1
=355 m)bn—z—_,

i) ap

prove that the first one is a Cauchy sequence and the second is not, using the definition.
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Problem 5.1.6 Compute the following limits:

i) lim a,

n—oo

(a>0),

1i1) li_>m var+b*,  (a,b>0),
v) lim n(VnQ—l—l—n),
n—oo
on+1 +3n+1
vii)  lim ————,

Problem 5.1.7 Calculate the following limits:

i) lim 2 sin nm, i1)
n—o00 T
iii)  lim —2—— 1 iv)
n—00 logn
2n
v) lim —, vi)
n—oo n!
N
Vi) nh_}rrgo m, V1)
Problem 5.1.8 Obtain the following limits:
N b AN N
i) lim (cos — + asin —) ; i7) lim

Problem 5.1.9 Find the limits:

lim

viii)
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i) lim n=3/m,
n—oo
n n b
iv)  lim (—\/5+ \/_>n, (a,b>0),
n—o00 2
vi) lim (vVn2+1—+vn+1),
n—oo

2
n?+1

n

2n
lim 3 .
n—oo \ N4 — 3n

n(el/n _ gsSin 1/n)

lim .
n—oo 1 —mnsinl/n
lim n ,
n—o0 /n
. n?
lim —,
n—oo 2M
. 1 +2v2+43V34 - +nin
lim 3 .
n—oo n
—b
w2 2Un if lim u, =0, a > 0.
a—+ unp n—o00

n—00 log(n+1)

Problem 5.1.11 Let {a,} be sequence of positive terms that satisfies lim (a, —n) = L.

a) Show that lim In _1.

n—oo N

b) Show that li_}rn nlog(a,/n) = L.

n—oo
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a
Problem 5.1.12 Consider a sequence of positive numbers, {a,}, that verifies lim ntl .
n—00 (U
Compute, using the Stolz criterion, the limit:

n

712 an

lim _—
n—oo ai-ag---ap

Problem 5.1.13 Prove that the following sequences are monotonic, analyze if they are bounded
and compute the limits if they exist.

i) V2,V2V2,0/2V2V2, . .. i) V2, V2 + V2,02 + V2 +V2,...

i) Ungr =3+ “7" up = 0. ) Upi1 =3+ 2un,  ug=0.
ud + 6
V) Upg1 = ”7 , a)ug =1/2, b)ug=3/2, c¢)ug=23.

Problem 5.1.14 Consider the sequence defined by an+1 = V1 + 3a, — 1, ag =1/2.

a) Prove that it is convergent and compute its limit.

-1
b) Compute lim Gn+l = 2
n—oco @, — 1

b
Problem 5.1.15 We define a sequence by b,41 =1 — 5", with by = 0.

a) Check that it is an oscillating sequence, that is: sign(b,4+1 — by,) = —sign(b, — bp—1).

Show that [byy1 — €] = L]b, — €.

)
b) Calculate the possible limit £.
c)

)

d) Show that indeed ILm b, = ¢.
Hint: ¢) [b, — €] = (3)" L.

1
1+z

Problem 5.1.16 Consider a sequence defined by ¢,+1 = f(cp), where f(z) = , co = 0.

Prove that it is convergent with the following steps:
a) Calculate the possible limit /.
b) Show that if x € [1/2,1] then f(x) € [1/2,1].

)
)
¢) Check that |f'(z)] < k <1 for every z € [1/2,1].
d) Prove that ¢, € [1/2,1] for every n > 1.

)

e) Prove the estimate |cp+1 — £ < k™|c; — £| for every n > 1.
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Problem 5.1.17

a) Use the technique of the previous problem with the sequence

1 4
do= =, dp1 =2+ —. n>0,
0 9’ +1 +d n =

n

and the interval [3,10/3].

b) Compute lim M
n—oo dy, — ¥

Problem 5.1.18 We consider a sequence of real numbers defined recursively by

xn—l(l + xn—l)

== 1 n =
" ’ o 1 + 2.73“_1

Prove that it is convergent and obtain its limit.

Problem 5.1.19 Describe the behaviour of the sequences defined recursively in the previous
problems using a representation of each pair of consecutive terms in a cartesian system (cobweb
diagram).

Problem 5.1.20 Let {z,} be a bounded sequence (not necessarily convergent) of positive
terms. For a > 0 we define the sequence

_(@mtaet )

n =

n

a) If 0 < o < 1, show that li_}rn yn = 0.

b) Consider now o = 1. If lim z, = ¢, show that lim y, = ¢. Give an example of a non-
n—oo n—oo

convergent sequence {z,} such that the sequence {y,} is convergent.

Problem 5.1.21 Given a bounded sequence {z,} (not necessarily convergent) we consider a
new sequence defined by

Yn = sup{Zn, Tnii,. .-}
a) Prove that {y,} is a bounded monotonic sequence and so it is convergent.

b) Compute lim y, (known as limit superior of x,) for the sequences:
n—oo

T+ =17 (2_1)71’ i) 2y = (~1)" (3 + %) .

i) Tp =
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5.2 Series of numbers

Problem 5.2.1
Study the convergence of the following series of positive terms:

o= n+1Y)" o= 1 NN |
i) Z(Qn—l)’ i7) Z—(3n—1)2’ iii) 2—27144—17

n=1

)

sinn . <1
Z\/m v) 2:1112—1—7'1’ vi) Zsm(m),

RS T Ly~ dn—1 o
vit) nz::larcsm(ﬁ), VL) Z(ﬂ)n’ i) Zgnn!’

n=1 n=1
- N 1\m? RS 1\n? _
x) Z({Vﬁ— n", xi) Z <1 + E) 37, xit) Z (1 + E) e ",
n=1 n=1 n=1
xiit) i 1 xiv) f: n—2 xv) i[\/ n?+1—n)
(logn)™’ (logm)™’ ’
n=2 n=2 n=2
| e ] o1
xvi) Z log( - ) TVit) Z —ogn’ TViiL) Z W.
n=2 n=1 n=2

Hints: (in general, we can apply more than one test to decide); i), viii), x), xi), xiii), ziv), root
test; ix), ratio (quotient) test; i), iii), v), v), vi), vii), V), TVI), TVII), TVIii), comparison
test; i), compute the limit of the general term (see 3.1.22 i1)).

Problem 5.2.2 Prove that the series

Z <2n—1 2nb+1>

n=1

is convergent if and only if a = b.

Problem 5.2.3

o0
a) Study the convergence of the series Z n(l+a)"e™ ", for different values of a > —1.

n=1

b) Do the same with the series Z

n= 1

, for different values of a > 0.

n

¢) Again the same question for the series Z —, for different values of a € R.

n= 1

Hints: in b) and c¢) use the Stirling formula.
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Problem 5.2.4 Analyze the absolute and conditional convergence of the following alternating
series:

(o)
Z logn , i) ;sm(m +1/n),

i) > (=1)"(arctg1/n)?, iv) Y (=1)"(arctgn)?,
n=1 n=1

O S CUVRET-nl v Y (-1 g,
n=1 n=1

vii) ;(—1)”(1—005(1/71)), viii) Zlog .7 +e_n

Problem 5.2.5 Use the Taylor expansion of the function arctgx to study the convergence of
the series

i (arctg n \/_)

n=1

Problem 5.2.6 Find how many terms are necessary to approximate the following sums with
an error smaller than 1073:

oo n o0 1
HEY —

n=1 ’ n=1

Problem 5.2.7 Compute the sum of the following series:

o0
3n+1 _ 2n—3 n dn + 1
i) _ i7) —, iii) Z ,
n=0 4 n=1 2n n=0 3"
oo oo 2
I S [
= \/n(n—k ot (n+1)
Problem 5.2.8 Obtain the sum of the following series:
> =1 2nm
- n/2 n+1)/2 ..
i) nz::oa[ MApln+ D2 (lab| < 1), i) ;2—ncos7.

(Hint: decompose the sums in two and three parts respectively)

Problem 5.2.9

a) If ap, > —1 for all n and lim a, = 0, study the convergence of the series Zlog(l + ay) in
n—oo "

terms of the convergence of the series Z G-

n

b) If both series of positive terms Z an and Z b, are convergent, prove that it is also conver-

gent the series Z v/ anby,.
n

n n
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. Va ip e, . .
¢) Prove that the two series Z Vanan41 and Z Tn are convergent if it is the series Z Q.
n n

n

Problem 5.2.10

oo
a) Show that the series anlO_", where b, € {0,1,...,9} for n > 1 and by € Z, converges.
n=0
What does this series represent and why is it important?

b) Compute the previous sum in the cases:

1 n=2k

>
2 n—okt1 PO

i) bp=9, n>0; i) bn:{

Problem 5.2.11

a) Show that the equation tgz = x has a unique solution A,, on each interval

<(2n—1)7T <2n+1>7r>7 n=123

2 ’ 2
— 1

b) Prove that the series Z 2z is convergent.
n=1"T

Problem 5.2.12 Consider the sequence defined by xp+1 = 1+ 2z, — 1, zg = 1.
a) Show that it is convergent and compute the limit.
b) Find the limits

. . Tn+1 .. .
i) lim 2 i) lim na,.
n—oo :En n—oo

¢) Study the convergence of the series

oo (o)
i)Y wn, i)Yl
n=0 n=0

— AsP-

[@ocle)




