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6 SEQUENCES AND SERIES OF FUNCTIONS 50

6 Sequences and series of functions

6.1 Sequences and series of functions

Problem 6.1.1 a) lim f,(z) = 1, the convergence is not uniform since sup |fp(z) — 1| = 1.
n—00 zeR
b) lim g,(x) = 0, uniform convergence because sup |g,(z) — 0] = 1/n — 0. ¢) The limit of the
n—»00 zeR

derivatives does not exist: g, (z) = cosnz.

x
o 1-(1—ux)
the convergence cannot be uniform in [0, 1] because all the addends are continuous and f is not.

b) This is a geometric series with ratio 2sinx; it converges if and only if |sinx| < 1/2, that is
x € (w/6+ km,—7/6+ kn), k € Z.

Problem 6.1.2 a) f(z) = Zx(l —z)" = =1,if0 <z <1, f(0)=0, f(1) =1,

. 3 (=)™
= 2; at the endpoints: =z = 3 = a, = = CC,

1
Problem 6.1.3 i) — = lim
n

xr = —= = a, = — = D; finally, it converges for x € [1/2,3/2). i) converges for = €
n
[7/6 + kn,—7/6 + k7], k € Z.

Problem 6.1.4
a)  lim fo(z) =

n—oo

0 f0<x<1
1 ifz=0.

The convergence cannot be uniform in [0, 1] since the limit is not a continuous function while all
the f,, are continuous. b) lim g,(z) =0 for all x € [0, 1]; the convergence is not uniform since
n—oo

sup |gn(z) — 0] =n — oco.
0<z<1

Problem 6.1.5 a) Z b, = a1 — nli{rgo an = aj. b) TLILH;O n(an — apy1) = nlgrolo nb, = 0, because

in other case the series an cannot be convergent. c¢) chn = an — Nbyy1 and so

chn:al. d) If 0 <z <1, then

3] 9] (3]
S($>:Z :E—l Zn n+2 _ n+1+$n>zzncm
n=1 n=1 n=1

where a, = z™; thus S(z) = a1 = z; if © = 1 the series converges obviously: S(1) = 0
o0
¢) S(z) = (z —1)*Y na" = (z - 1)2ﬁ

not uniform in [0, 1] since all the addends are continuous and S (z) is not.

=z,if 0 <z < 1, S(1) = 0; the convergence is
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6.2 Taylor series

1 1 1
Problem 6.2.1 i) — = lim —; at the endpoints it is AC; [ = [-2,2];
p  n—oo 2p2/n — 9

1 Vn! 1
1) Use Stirling — = lim - —; at the endpoints |a,| = V2rn — o0 = D; I = (—e,e);
p e

n—oo n
iii) p = 10; at the endpoints: z = —10 = CC, x = 10 = D; I = [-10,10); iv) p = 1; at the
endpoints: = -1 = CC,x =1= D; I = [-1,1); v) a, = 2"(3/2—xz)"; p = 1/2; at the
endpoints D; I = (3/2—-1/2,3/2+1/2) = (1,2); vi) p = 1; at the endpoints z = 1 = CC,
x=3=D;I=][13).

Problem 6.2.2 p = 1/e; at the endpoints it diverges by problem 5.2.1 zii); I = (—1/e,1/e).

Problem 6.2.3

hiw) 1 —z i
f2(w)=(1_;x Zm: :nf:o n+1)a",
7o) = s = %fé(:v) - énfjlm Dna" ! = i}wf”)x
Problem 6.2.4
i) ix—::—log(l—x), ze[-1,1);
i) i(n F1)2 g = ﬁ v e (-2,2)

n=0
(using fy from the previous problem).

Problem 6.2.5

1—cos2r = (—1)7t1g2n1
2p = — 2n .
i) sin“x = 5 = nz::l @) =", z €R;
g z T 1 T o= [ —bT\" —1pn—1,—
= — = — _— — _1 n bn n n7 6 o b’ b ;
i) a+bxr al+bx/a ango( a ) T;( ) a -z z € (—a/b,a/b)
T4z 1 (=)t X g o 2k+1
! = ‘[ — —} = : 11
i) log 1—z 2 Z n +Zn ZZk—l—l z & )
n=1 n=1 k=0
(descompose the sum for n even and n odd);
) —1 1 n—1 2n )
ZU> 2-1‘225;( ) 22 $€<_\/§a\/§>a
. .2n
o
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Problem 6.2.6 i) S = Z # —e V2 _1; i) S =
n=1 ’

i) S = Z (1/2)
n=1

n

= log 2; iv)Szarctgl—lz%—l.

Problem 6.2.7 ) It is a square with side /2. b) Each radius is rp41 = T o each area

\/57
2

o0
r
, we have A, = on and so ZA” = 2172,
n=0

1
is Apy1 = §An; starting with Ag = mr?

Problem 6.2.8
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Problem 6.2.9 Differentiating the equation satisfied by f we arrive to

f'(@) = f(z) + =, f”(fﬂ) flx)+1

f"(x) = f"(2), ') = f"(z), VYn>2

Now we compute the derivatives at x = 0 to obtain the Taylor series of f at x = 0:
f(0) =2, f(0)=f(0)+0=2,
f10)=f(0)+1=3, fI(0)=3  Vn>2

Then

f"><0) . _ s
flx) = Z =2+ 22 +3Z —2+2ar—|—3(e —z—1)=3e"—z—1.
n=0

Problem 6.2.10
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Problem 6.2.11

@) £ =<x+1>e—$+<z—1>eﬂ”=<x+1>2_‘6(‘173fm"+<x—1>2_‘6§
00 (_1)77,_1 . o) (—1)”—1—1; 00 (_1)n_1_ (_1>n—1+1 .
DT DT “:;[ R T ]“’
R e G VAR
T -2l _§(2k+1)' =

for all z € R.

n 1 1
D2 - YV o

n=1




