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6 SEQUENCES AND SERIES OF FUNCTIONS 34

6 Sequences and series of functions

6.1 Sequences and series of functions
Problem 6.1.1
a) Consider the sequence of functions given by:

1 if |z| <,

fnl@) = { 0 if |z| > n.

Obtain lim f, and study if the convergence is uniform on R.
n—oo

sinnz
b) The same question for the sequence g, (z) = :
n

¢) In this second sequence, is the limit of the derivatives equal to the derivative of the limit?

Problem 6.1.2

o0
a) Prove that the series Z:c(l — x)" converges on [0, 1] to a function f(x). Is this a uniform

n=0
convergence?

o0
b) For what values of x does the series Z 2" sin™ x converge?
n=0

Problem 6.1.3 Find the values of z € R for which the following series converge:
oo o0 .
, (x —1)m2" » (2sinz)™
DLt AR Sl

2
n n
n=1 n=1

Problem 6.1.4

a) Find li_>m fn(z), where f,(z) =e ™ 0 <z < 1. Is this a uniform convergence?

b) The same question for the sequence

2n%z if0<z<1/2n,
gn(x) =< 2n— oy if 1/2n <z <1/n,
0 if1/n<z<1.

Problem 6.1.5 Let {ay}nen be a decreasing monotonic sequence convergent to zero and define
the new sequences

bn = Qp — Gn41, Cn = bn - bn+1 = Qap — 2an+1 + any2.

oo
a) Find ) by.
n=1
b) Once we know that the previous series converges, find the limit
Jim. n(an — Any1),

if it exists
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N 0
¢) Find Z nc,, and use the previous limit to compute Z Neyp-
n=1 n=1

d) Apply the previous sum to obtain, for x € (0, 1),
oo
Z n(x —1)%z"™.
n=1

e) Obtain the sum directly and study the uniform convergence on [0, 1].

6.2 Taylor series

Problem 6.2.1 Obtain the convergence interval of the following series:

N =l R
Z> Z onp2’ ”) Z nn’ ZZZ) Z nlon—1’
n=1 n=1 n=1

iv) —, v) (3 —2x)", vi) —_—.
27 > > A

Problem 6.2.2 Find the interval of convergence of the series
oo 2
1\n
Z (1 + —) ™.
n
n=1

Problem 6.2.3 Obtain the Taylor series at 0 of the functions fi(x) = - fork =1, 2, 3.

1
1-2)
Problem 6.2.4 Compute the interval of convergence and the sum of the following Taylor
series:

o] " 0
i) ZX’ i) Y (n+1)27"a"
n=1 n=0

Problem 6.2.5 Obtain the Taylor series and the interval of convergence of the following func-
tions at 0.

i) f(z) =sin’z, i) f(x)= i ,  with a,b >0,

v) f(z) =ev.

. = (—1 .. “n
IND =N X

iii) L ) > (=)
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Problem 6.2.7 Let Cjy be a circle of radius r.
a) Obtain a rectangle (Qp, inscribed in Cy, with maximum area.

b) Let now C7 be the maximum inner circle for that rectangle, concentric with Cj, and inscribe
in it a rectangle ()1 of maximum area in C;. Compute the sum of the areas of the sequence
of circles {Cy, }22, that we have obtained with the process.

T
Problem 6.2.8 A function is defined by f(z) = Z n—‘, compute the values of f(0), f(1) and
n!
n=1
f(2).
Problem 6.2.9 Find a function f(x), with power series expansion, that verifies

(@)= f(x)+x,  f(0)=2

Problem 6.2.10 We know that g — = %, use this to find the sum of the series
n
n=1

NG 1 NG 1
) L D Lo

n=0 n=

Hints: 1) decompose the sum we know in the even and odd terms; ii) decompose the general
term as a sum of simple fractions.

Problem 6.2.11
a) Obtain the Taylor series of the function

14 a—(1—x)e™
- =

f(@)

)

and compute the convergence interval.

b) As an application, obtain the sum of the series

Z (2n+ 1)1

n=1




