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Problem 1 (0.5 + 1 4+ 1 4+ 0.5 = 3 points)
Compute the following limits (if they exist):
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SOLUTION:
a) This is of the kind 1°°:

. . . 3(sinz — 1) . 3(— cos? x) -3
1 3/((:052 x) _ 1 _ 1 _ Y
wi%2(51n z) eXp(zaH;lm cos? ) eXp(migz cos? z(sinz + 1)) exp( 2 )
b) When t — 0~ we have 2/t — —o0, so e*/* — 0, and then:
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If t — 0T, then 2/t — oo and e2/t — 50, this means:

i 3 — he?/t
150 2 4 2/t =0

Then the limit does not exist.
c) We build a quotient where numerator and denominator tend to co to use L’Hopital’s rule:

1 —1 1/(z—1 log? log? z + 21
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d) Numerator and denominator tend to zero, we use L’Hopital’s rule:

. 1l+4sinz—e® . cosx —e*
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Problem 2 (0.5 + 0.5 = 1 point)
Study the continuity of the functions:

a) f(z) = % VI=2 ) g(a) = arcsin(log |z — 1))



SOLUTION:

The functions are continuous in their domains, since they are composition of continuous func-
tions.

a) First of all  # 0. For the inner root we need:

9—2>>0=9>2>= z€[-3,3],
and also
1-V9-22>0=1>V9—-122=1>9—2% = 1% >8 = |z| > 2V?2,

joining the three conditions, Dom(f) = {z € R: 2v/2 < |z| < 3}.
b) On one side, we need
r—1#0=z # 1.

Since the domain of arcsin is [—1, 1], we must have log |z — 1| € [-1, 1], so
lz—1clete] &= r—1clete]U[—e,—e '] «= zec[l+e ! 1+e]U[l —e,1—e!]

Hence, Dom(g) = [1 +e 1, 14+e]U[l —e, 1 —e71].

Problem 3 (2 points)
Prove that the equation

T
2 in — =
T + sin 5

has exactly one root in [0,00) and find an interval [n,n + 1), with n € N, where this root is
found.

SOLUTION:
The roots are the zeroes of the function

10
f(x)z?x—}—sin%— T+ vz

with domain [0, 00), there it is continuous and it is differentiable in (0, 00). The derivative is:

5
4 =9 E Lx - - 0 0
() —1—2605 5 +\/E(1—|—\/E)2> , x>0,
)
since | cos %x‘ <1l= 2+gcos %a: > 0 and m > 0, then f is increasing in [0, 00), so

at most it has one root in that interval. We seek now a change of sign to use Bolzano’s theorem:

10 10
f(0)=-5<0, f(1)=3-5=-2<0, f(2):4—1+\/§<0, f(3) =5—

Then the root is in [2,3).

Problem 4 (2 points)
Consider a function f such that f(1/2) = —3 and f'(z) = Va2 +2. If

r—1
)

obtain the tangent line to the graph of g at the point x = 2.

SOLUTION:
We need g(2) = 4f(1) = —12 and also the derivative:

g =2f(C ) (th

X



The tangent line is then:

y=9(2)+g’(2)(a:—2):—12—_721(x_2)<:>y:9_217$_

Problem 5 (2 points)
Obtain the minimum value of « for which the function f(z) = |ax? — 2ax + 3| is differentiable
on the whole real line.

SOLUTION:
For a = 0 the function is constant, so it is differentiable on the real line. If o # 0, in order to
have a differentiable function, the polynomial cannot have two different roots. This means:

402 —120< 0= afa—3) <0< a c 0,3

The minimum value of « is then 0.

In the graph appear the cases @ > 3, a =3 and 0 < o < 3 at the left and o = 0 and a < 0 at
the right.
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