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Problem 1 (1 + 1 4+ 1 = 3 points)
a) Calculate the domain of the function f(z) = arcsin (2::_1>,
x

b) Find the minimum value k such that f is injective on [k, c0) and obtain the inverse function
on that interval.

c) Prove that
1
arctan (ﬁi) — arctan(z) = %, r <1

SOLUTION:
a) The domain of arcsin(z) is [~1,1], so we need g(v) = — 1 € [—1,1]. We observe that
x
1—2?
(@)= =0 = z==I.

These are the critical points, ¢’ is positive on (—1,1) and negative on (—oo,—1) U (1, 00),
so 1 is the global maximum and —1 the global minimum. Since g(1) = % and g(—1) = —%
we obtain that g(z) € [-1,1] € [-1,1] for z € R. This means that Dom(f) = R.

b) We can study the derivative:

1 1—a? 1— a2
f/(x): 2 xzz ’ =0 — Tz = *+1.
r \2@*+1) (22 4+1)2 —22(22 4+ 1)
1—
(=)
Thus f is injective for z € [1, 00) because it is monotonous there. That is, k = 1. For the
inverse:
y = arcsin T = sin(y) = L = sin(y)z? — z + sin(y) = 0
2 +1 x?+1 ’
1+/1—4sin’(y) 1 N 1 .
N 2sin(y) ~ 2sin(y) 4 sin?(y) '

The inverse is defined only when x > 1, so we choose the positive sign:




c) First, we define the function:

— X

1
h(z) = arctan (1 + $> — arctan(z).

The domain is R\ {1}, because arctan(x) is defined on the whole real line. The derivative
is:

1 1— 1 1
W(z) = R L
1+(1+x> (1-=) L+
1—=x

hence the function is constant on each interval of its domain, in particular it is constant
T
on (—o0o,1) and observe that: h(0) = arctan(1) — arctan(0) = T

Problem 2 (2 points)

Plot the function f(z) = z+/|2? — 4|, with all the calculations.

SOLUTION:
Dom(f) =R, and f(—x) = —f(x), so the function is odd.

lim z+/|22 — 4| = oo, lim z+/]z? — 4] = —o0,
T—r—00

T—r00

and then there are no horizontal asymptotes. Also:

lim +/|z% — 4| = oo,

r—7Fo00

thus, there are no oblique asymptotes either. There are no vertical asymptotes because the
domain is R. To obtain the derivative we first decompose f:

4 — 222
xm’ ve [_2’2]’ / \/ﬁv x € (_272)7
f(.%) = 5 = f (QS‘) - 2 2 4
xr2 —

So, f is not differentiable at © = —2 nor at # = 2. The critical points are x = ++/2, both in
(—2,2).

f'>0 if x€(—00,—2)U(-v2,v/2)U(2,00) = f increases here
fl<0 if ze, (-2, —vV2)U(v2,2), = f decreases here

Hence, © = —2 and = = v/2 are local maxima while z = —v/2 and x = 2 are local minima. The
values are:

2, f(—V2)=-2.
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The second derivative is:

2z(2? — 6
(4(—332)3/2’ x € (—2,2),
fe) = 2z (2% — 6)
m, x € (—00,—2) U (2,00).

f">0 if xe(—v6,-2)U(=2,0)U(v6,00) = f convex here
f"<0 if ze, (—o0,—v6)U(0,2)U(2,v/6) = f concave here

Inflection points are z = —v/6, z = 0 and = = /6, with values:

F0)=0, f(vV6)=2V3, [f(-V6)=-2V3.



Problem 3 (1 + 1 = 2 points)

a) Compute the limit:  lim ~———

4
b) Study the convergence of the sequence defined by: a9 =1/2, ap41 =2+ —.
a

n

Hint: Observe that a, > 2 for n > 1.

SOLUTION:

a) The denominator is increasing to co, so we can apply the Stolz criterion:

4
b) We consider the function f(z) =2+ e The possible limit satisfies:

4
L=f(L) = L=24+4 = L=1+/5.

Since L > 0 the possible limit is L = 1 + /5. Now we study if the sequence is convergent

4
using the fixed point theorem: f'(z) = 2 < 0, so the sequence is alternating. Also
4
fl(z)] = - < 1 for x > 2, which is the case of our sequence, so it is convergent and
x

converges to L = 1+ /5.
To prove the hint, observe that:

1 4
a0:§>0 = a,>0 VYn = app1=24+—>2 Vn>1
a

n

Problem 4 (1 + 1 4+ 1 = 3 points)



(1+a)”

(l

oo
a) Study the convergence of the series Z for different values of a > —1.

o0
—1)" 2n
b) Sum and obtain the interval of convergence of the series Z 51)71:1
— 2 (2n+1)!

1
c) Obtain the Taylor series and the interval of convergence of  f(x) = log ( 52 ) + 2z.
x

SOLUTION:

a) lim /a 1L<1f0ralla>—l a#0=C; 1fa—0theseriesis§:n—oo
TL‘)OO\/;ni e o -1 o

b)

1 n T 2n—+1

o~ (=1)nan \/500(_)<ﬁ) V27 sz T V2 . sz
yo LU V2 = (sin () - ) = sin(<5) - 1.
n:12 2n+ T = (2n+1)! x V2 V2 x V2

The series converges on R because the series of the sine converges on R.

c) Observe that f(z) = —log(1 + 2x) 4 2z, so we use the series of the logarithm:

o —1)rt1(24)n o —922\" o —922\n
10g(1+2$)+2x:Z()n(x)JFQxZ%JjLZ(nx):Z(nx)'
n=1 n=1 n=2

This series is convergent for 2z € (—1,1], that is, it converges for z € (-3, 1].
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