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Introduction

@ Purpose of a communications system:
» Transmission of information

Transmitted Information Received Information
Source s(1) Transmission Medium r(7) Destination
By[n] (Channel) Bb[n}
Signals Signals

@ Information theory
» Quantitative measures of information
» Analysis of a communications system
* Amount of generated information
*  Amount of information that is effectively transmitted (received)
* Fundamental limits in the transmission of information
@ Organization of the chapter:
(Probabilistic) models for information sources
(Probabilistic) models of the system (channels)
Quantitative measures of information
Fundamental limits in a digital communication system

—
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Modeling of information sources
@ Source output: signal (information flow)

» Continuous time: x(¢) = s(r) S— *(1)
» Discrete-time: x[n] = By[n] (or Aln]) x[n]

@ Source output model (information)

» Random process, X(t), or X[n] Eﬂ)
Xn]

@ Model for continuous time (analog) sources
> (Random process X(#) (continuous-time))
* Characterization: (mx(t), Rx(t + 7, 1), Sx(jw))

- Typically they are band limited processes (B Hz)
- Sx(jw) reflects the mean spectral behavior of the source

@ Discrete-time source model
> (Random process X[n] (discrete-time))
» Font alphabet types (possible values of X[n])
* Continuous (e.g., sampled signals)
* Discrete (digital sources)
- Simplest model: [discrete memoryless source]

o—
v | €511 [0 Marcelino Lazaro, 2023 OCW-UC3M Communications Theory Information Theory 4/88



Discrete Memoryless Source (DMS)

@ Source: Discrete-time random process X|n]

> Discrete
*  X[n] alphabet: discrete, of My values [AX = {xp,x1,- - ,xMX_]]D

> Memoryless

X py[y) (x;) does not depend on n : (py[, (xi) = px (%)

- {X[n]}: independent and identically distributed (i.i.d.) R.V.s
@ Description of the process (statistical characterization)

» (Random variable X

*  Being X[n] i.i.d., the statistics are the same for all n
*  Alphabet (AX = o g 0 ° 7-’CMX—]D

* probabiles ({px () 112" = {px (i), px(). -+ spxCoy 1Y)

@ Example: Binary Symmetric Source (BSC)

> Alphabet , typically xo = 0, x; =1

1
> Probabilities px(xo) :px(xl) = 5

—
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Digital Systems - Probabilistic Channel Models

B[] — B[n s(1)
Bits *ﬁ Encoder H Modulator -
Symbols Vectors

(m bits) Digital Transmitter

an m( Detector }W(Demodulator

i bi
) Digital Receiver

—

Signal

@ Probabilistic channel models
> Probabilistic relationship between the received and transmitted information at different points of this

communication model
* Different levels of abstraction in the definition of channel

* Probabilistic model: Input (X), output (¥), distribution m
@ Channel models
> Gaussian channel: (Y = r(r) | X = s(t)
* Represents the physical channel
» Gaussian channel with digital input:
* Represents the equivalent discrete channel
> Digital channel: m
*  Represents the transmission of symbols

> Binary digital channel: [Y =B[f) | X =B, [é]]

*  Represents the transmission of bits
—
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Probabilistic Channel Models - Representation

Bits Encoder Modulator
Symbols; Vectors Signal

(m bits)

By[¢] - Bln] Aln] s(1) —

Channel

Bylt) A= Bl | | a1 r(1)
Bits Detector Demodulator :
Symbols l | Vectors Signal

(m bits)
Pigital Channel Gaussian channel Gaussian channel
Binary with digital input

Digital Channel
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Gaussian channel [ \ /\
t t

@ Input / output relationship

1 1
> Input: X = s(¢), for a given instant #y 0 0
> Output: Y = r(r), for the same instant 7y | Channel

s(1) (®)

@ Gaussian channel model r(t
(1) = 5(0) + (1)

> n(1): e.g. stationary, white and Gaussian [m,, =0, Su(jw) = 2, Ry(r) = 5(7)]
@ Noise power limitation - Filtering at the input of the receiver

s(t r(t
() @ hn(£) | Hy(jo) ()
n(1)
» Bandwidth of the signal s(¢): B Hz (W = 2x B rad/s)
* |deal hy(1) filter, bandwidth B Hz: noise power Ny B Watts
@ Distribution of Y|X when Y = r(fp) and X = s(1))
> Distribution of Y when X = s(#p) = x
1 _G=n?
> Gaussian: mean x = s(y) and variance o> = Ny B |fy|x(y|x) = e 20?
b V2ro
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Gaussian channel with digital input
@ Input / output relationship

> Input: X = A[n], for a given instant n
*  Vector of N random variables (discrete alphabet, M = 2" values)
* ifAln] =a > X=x = a;

> Output: Y = q[n], for the same instant n
% Vector of N random variables (continuous alphabet)
@ It is equal to the equivalent discrete channel (Chapter 3)
> It is given the name Gaussian Channel in the field of Information Theory (IT)
@ Gaussian channel model with digital input

(qltl =AW +20 = a-A+z]
> Independent of the discrete instant n
> Distribution of the N elements of the noise vector z = [z9,z1, -+ ,zv_1]7

*  Are N R.Vs: Independent, Gaussian, zero mean, variance Ny /2

@ Conditional distribution of the output given the input

> Gaussian distribution (N-dimensional)
*  Media: the transmitted symbol (x; = a;)
*  Variance: Ny /2 in each direction of the N-dimensional space

1 _|\q7va;|\2 1 7uy;lx,-u2
qlalala;) = We o | = Ifyx(ylxi) = We

—
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Digital Channel
@ Input / output relationship

» Input: symbol for a given instant n
* X = B[n] (or alternatively X = A[n])

» Output: symbol for the same instant n
* Y = B[n] (or alternatively ¥ = Aln])

» Alphabet of X and Y : symbols (blocks of m bits / vectors)
* M = 2" possible symbols (Alphabet of B[n], or alternatively of A[n])

X Yefu=w=b}YL" o  XYe{u=y=a}ll,

@ Probabilistic model: Discrete Memoryless Channel (DMC)
leX(yjlxi)

Characterization of the DMC
@ Input alphabet: My values (Ay = {xo,x1, . Xu,—1})

@ Output alphabet: My values (Ay = {yo.yi, - .yu,—1})

© Set of My x My conditional (transition) probabilities prix(jlxi))
vie {0,1,--- My —1}, Vj € {0,1,--- ,My — 1}
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DMC: Representation of transition probabilities
@ Channel matrix

Pyjx(Yolxo) Pyx(1|x0) o pyix(Omy—1lxo)
Pyix (0olx1) Pyix (1 lx1) <o pyixOnty—11x1)
P= . . . .
prixOolay—1)  pyixOibax—1) o0 pyixOmy—1lxay—1)

» Elements of a row add up to 1
@ Arrow (or trellis) diagram

Py x Omy —1Xay —1)

» Arrows going out of the same node add up to 1

Universdad
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Application of the DMC to the digital channel
@ X and Y alphabets
» Alphabet of B[n] (m bits): M = 2™ symbols:

(AX:.AY: {bo, b1, - ’bM—l}J
xiEbia ijbj, MX:MY:M7 l,]G{O,l,M—l}

@ Transition probabilities [py|x(yj|xi) = pys(bjlb:) :pA‘A(aj|a,-)]
» Accuracies: [py|x(y,'|x,-) :pE‘B(bi|bi)J

» Error probabilities: [py|X(yj|xl') :pBlB(bj|b,-)] forj#i
» |deal values: transition matrix / arrow diagram

Xpo—>—— o
0 - 0 0 Yo

0 - 0 X] o———0 )|

00 - XM—1 &————e VM1
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Calculation of transition probabilities - Example

1

@ M = 4, equiprobable symbols p,(a;) = 3
> Constellation: ag = —3, a; = —1, a, = +1, a3 = +3
> Decision regions: thresholds ¢,; = =2, ¢.2 =0, qu3 = +2

IO = (—OO, _2]7 Il = (_270]7 12 = (0’ +2]9 13 = (+27 +°O)

ao aj a a3
& _3 T; _1 \OI 1 \2I 3 S
N N 7N\ L) L4
Iy I 15 I3

~

- (in)| |2 (Gm) -2 (@m) | <(m) -2 () | @
R | eGE) || o) () || @
o(7n) ||o(m)-e(@m) | -2(mm) || @
(7iz) | 2R eE) | () () o

Qe —~——~
TN

%
~
S

o

S
S

o>

5
S

~—

77)

J

T w—
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Elements of the first row: x, = ag — pyx(yj|x0), ¥/

faja(dlao)

a3
4 q[n]
. -3 2 -1 O 1 2 3 N
N N 7N 7\ L4
Iy I, 143 I

@ Distribution fya (q|ag): Gaussian with mean a, = —3 and variance Ny /2

PY|X(y1|x0) = Pjag—a, =0 (%@/2) -0 ( No/ )

o=t =0 (5) - ()

5
Pyix(¥3[%0) = Pejag—a, = O ( )

1
Pyx(V0lX0) = Pajag =1 — Pejay =1 -0 ( v /2>
o

(98]

)

No/2
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Elements of the second row: x; = a; — pyx(yj|x1), ¥/

faialdlar)

q[n]
. -3 2 -1 0 1 2 3 N
N N 7N 7\ L4
Iy I b I

@ Distribution fy s (q|a;): Gaussian with mean a; = —1 and variance Ny/2

1
Pyix(Volx1) = Peja;—say = O (TMZ)

1
Pyix(1]x1) = Pyja; =1 = Peja, = 1 =20 ( )

1 3
Pyx(2|x1) = Peja,—a, = @ T0/2 -0 NoJ2

3
Pyix(v31%1) = Peja,—a, = O < >

No/2
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Third row elements: x, = a, — pyx(yj|x2), ¥/

fq|A(q|a2)

q[r]
y -3 2 -1 O 1 2 3 N
N N 7N 7\ L4
Iy 1, 143 I

@ Distribution fy s (q|az): Gaussian with mean a, = +1 and variance Ny/2

3
PY|X()’0|X2) = Pe|a2—)a0 =0 (To/2>
1 3
pY|X(Y1 |x2) = Pe|az—>al =0 (T0/2> -0 (W)
1
Pyix(2%2) = Pojay = 1 = Pjay = 1-20 ( N0/2>

1
Pyix(V31%2) = Pejay—sa; = O <T0/2>
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Fourth row elements: x; = a3 — pyx(yj|x3), Vj

faa(dlas)

a

q[n]

A
N
r
V.
AN
Wi
A
L 2

1() 11 53 13

@ Distribution fy4 (q|a3): Gaussian with mean a3 = 43 and variance Ny /2

5
Prix(olx3) = Pejay—a, = @ (T0/2>

W
N—

3
Prix(1[x3) = Pejaya, = Q (T0/2> -0 ( No2

1 3
Pyx(72|%3) = Pejay—a, = @ TO/Z -0 e

1
Pyix(31%3) = Paja; =1 — Peja, =1 -0 ( )
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Binary digital channel

@ Input/output relationship
> Input: X = B,[¢], bit at instant ¢
» Output: Y = B, [4], bit at the same instant ¢
* Alphabet of X and Y: Bits (xo = yo =0), (x; =y1 = 1)
@ Probabilistic model
> Particular case of the DMC for Mx = My = 2
> 4 conditional probabilities py|x (yjlx:), para i,j € {0, 1}
* 2 success probabilities for bits (j = i)
* 2 error probabilities for bits (j # i)

@ Example: (Binary Symmetric Channel)

» Same probability of error for both bits: (py‘X(yl o) = pyx(olx1) = j
> Bit Error Rate (BER): BER = ¢
* [BER = px(x0) py;x(v11x0) + px(x1) pyjx (olx1) = ]

1—¢
X0 Yo
e pP— prix(Yolxo)  pyix(y1lx0) _ l1-e¢ €
€ pyix(olx1)  pyix(yilx1) € l—¢
X1 : Y1
— &
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QUANTITATIVE MEASURES

OF

INFORMATION
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Self-information (surprisal) of an event of a discrete random variable

@ [Ix(x;)| : measures the information content of an event of the random variable (X = x;)
@ Requirements for such an information measure
o Must depend on the probability of the event
* [Ix(xi) :f(pX(xi))]
e Must be a decreasing function of probability
* [px(x,') >px(x]') — Ix(x,') < Ix(xj')]
e Must be a continuous function of probability
* (px(x) ~ px(n) = Ix(w) =~ Ix(x))
o For a joint event of two independent events (X = x;, Y = y;) (px,v(xi,¥;) = px(x:) x py(y;))
* (Ixy (i y) = Ix () + Iy ()
@ Function that satisfies these properties - Self-information

() = — log, (px(0)) |

» The base of the logarithm defines the units of the measurement
* Base 2 : bits
* Base e (natural logarithm In): nats
NOTE: Relation log;,(x) = In(x)/ In(b)
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veom | GofeS OO Marcelino Lizaro, 2023 OCW-UC3M Communications Theory Information Theory 20/88



Entropy (of a discrete R.V.)

@ A measure of uncertainty about the outcome of a random variable (information)

> Alphabet: (Ax = {xo,x1,- - ,xu,—1}) (Mx symbols)

> Probabilities: ({px(x0), px(x1), -~ ,px(ar—1)})
@ Average of the self-information of each event

Mx—1 Mx—1

Z px(xi) log (px(x:)) Z px(xi) log

i=0

Em)

NOTE: By convention: 0 x log0 =0
» Units: bits/symbol (base 2) or nats/symbol (base e)
@ Limit values of the entropy of discrete random variables

Q HX)>0
* 0 < px(x;) <1and, consequently, — log (px(xi)) > 0
* H(X) = 0when (px(x) = 1, px(x;) = 0j # i)

- There is no uncertainty about X
Q (H(X) < log(My)

* H(X) = log(My) if the symbols are equiprobable M

i - Situation of maximum uncertainty about X
veom | cafesll (XOET0) Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Example - Binary Entropy: H,(p) = Q(p)
@ Binary random variable
> Alphabet: ({xo,x;}

> Probabilities: ({px(x0) =p, px(x1) =1-p})
H(X) = Hy(p) = Q(p) = — p logy(p) — (1 —p) log, (1 —p)

1
=p log, (1) + (1 —p) log, (7) bits/symbol
p I—p

0 01 02 03 04 05 06 07 08 09 1
Probability p

@ Maximum value: max Q(p) = 1 bit/symbol
> ltis reached at p = 0.5 (reference value)

—
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Joint entropy (of two discrete R.V.'s)

@ Measure of the joint information of two (or more) random variables

Mx—1My—1

Z Z 2 x,,yj fog <PX Y(xnyj))

i=0 j=0

@ Independent random variables

> Joint probability: pxy(x;,y_/) = px(x,') py(y_,‘)
P

<
My—1My—1 1
H(X,Y) = px(xi) py(¥;) log —————
2 2 P20 21 03)
Mx—1My—1 My—1My—1
= > > px@) pr(y) log 5+ > D px() pr(y) log
i=0 j=0 j=0 =0 (y,)
My—1 My —1 My—1 My —1
= > px(x) 10g Z pr(y) + > prOy) log Z px(;
i=0 Jj=0 i=0
Myx—1 My—1 q
pr xi) IOg + Z}?y yj) log —— = H(X) + H(Y)
pr(3)
L J
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Conditional entropy (of two discrete R.V.’s)

@ Uncertainty in a R.V. when the value of another is known
> Entropy of X given that ¥ = y;: px (x;) — px)y (xily;)

@ Conditional entropy: Average of H(X|Y =y;)
> Averages over all alphabet values of Y

My—1
H(X]Y) = i: pr(y) HX|Y = yj)
My:01 My—1
= Z 2460 Z pxpr(by) log s px|y(xt|yj)
Mx—1My—1
H(X|Y) = ,Z_; JZ_;PXY Xi,j) gm

@ For independent random variables
> Independence: px‘y(x,-\yj) =px(xi)) > HX|Y =y;) = HX), Vy; (HX|Y) = H(X)
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Relation between joint and conditional entropy

Mx—1My—1
S I DT pr———
i=0 j=0 Px,y(Xi,Y;
Myx—1My—1

px.y (Xi,¥;) log—
Eo ]_Zo o (x,) PY\X(YJ|XI)
My—1My— My—1My—1

pxy (%, ) 10g + pxy(xi, ;) log ————
; /ZO o x (%) ; ]ZO o pyix (jlxi)
My—1 My—1My—1

) lo ) lo
pr x) log weThd SN pxrlxy) gpnx(yjlxl)
= i=0 j=0
=H(X)+H(Y|X)

[H(x, Y) = H(X) + H(Y|X) = H(Y) + H(X|Y)
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Mutual information (between two discrete R.V.'s)
@ Measures the information provided by a random variable X about the knowledge of another
random variable Y

Myxy—1My—1 (x y)
Z Z pX Y xlayj log ( ) : (J )
i=0 j=0 pPr\Yj

@ Properties

Q (x,)=1(,X)>0)

* The equality holds in the case that X and Y are independent

Q ((x,Y) < min(H(X),H(Y)))

Mz—1
e Conditional mutual information can be defined |I(X,Y|Z) = Z pz(zi) I(X,Y|Z = z;)
i=0

[I(X, Y|Z) = H(X|Z) — H(X|Y, z)]
@ The chain rule for mutual information is (I((X,Y),Z) = I(X,Z) + I(Y, Z|X))
[1((X1,X2, XN, Y) = 10, Y) I, YIXD) 4 - 4+ I(X, YIXG - ,XN,l)]
e From the definition of mutual information we obtain the definition of entropy

iversdd
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Relationships of mutual information and entropy

= Px,y (%, )
Xi, o Xir Vi

&1 = lzo: ;p“( ) lgpx(xz)py(h)
My—1My—1
Z Z x. Y(x”yj long\Y( |y])
i=0 j=0 (X,)
Mx—1My—1 1 Mx—1My—1
= > > vy ) log s Py (xi, ;) log pxy (xily;)
i=0 j=0 x’ i=0 j=0
My —1 My—1My—1

= 2 px(xi) log 2 12; Px,y (%, ;) log ( )
H(X) — H(X|Y)
I(X,Y) = H(X) — H(X|Y) = H(Y) — H(Y|X) = H(X) + H(Y) — H(X, Y)

[H(X, Y) = H(Y) + H(X|Y) — H(X|Y) = H(X,Y) — H(Y)J
[H(x, Y) = H(X) + H(Y|X) — H(Y|X) = H(X,Y) — H(x)]
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Relationships of mutual information and entropy (ll)

Mxnzﬂamemq:mm_HmmzHayHﬂm_mxm}

@ Representation in a Venn diagram
» Entropies and mutual information represented by areas

H(X,Y)

H(X) H(Y)

(mxm:Hm+Hmm:Hm+Hmm}
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Venn Diagram - Entropies and Mutual Information

H(X,Y)

p@nq=mm-Hawydﬂm—mmm=H@yuﬂn—Hajﬂ

[mxm:mm+Hmm:Hm+Hmn]
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Differential entropy

@ Extension of entropy definitions to continuous random variables

V®=/mﬁ@b%iy%

Definition of joint differential entropy

{W [ [ soteoos s ;,)dxdy}

The same is done for the conditional differential entropy

{ (X|Y) = / / fey(x y)log ; ) dYJ

The alternative but equivalent definition is often used

W) = [ #r) [ gy (ely) log ———d dy
—o0 —o0 fX\Y(xb})
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Differential Entropy and Mutual Information - Relationships

@ Definition of mutual information

Jxy(x,y)
[(X,Y) / / fer(x,y) logfx( e )dxdy

@ The same relationships are maintained as for discrete variables

(h(x, Y) = h(X) + h(Y|X) = h(Y) + h(xm}

(z(x, Y) = h(Y) — h(Y|X) = h(X) — h(X|Y) = h(X) + h(Y) — h(X, Y)}
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Differential entropies and mutual information : Properties

@ Differential entropies do not maintain the properties of entropies for discrete
random variables in terms of interpretation as amount of information
» Example: X ~ U(0,a)

h(X) = log(a)
» Example: Y ~ N (0,0?)

[h(Y) = %log(27r e 02)}

It can be seen that depending on the values of a or o both entropies can take positive,
null or negative values (depending on whether a = 1, or o* = ;L)
@ Mutual information does maintain that intuitive interpretation and the

corresponding properties. In particular

> (I(X,Y) > 0) (non-negative function)

> (I(X,Y) = 0 only if X and Y are independent]
> 1(X,Y) =1(Y,X))
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FUNDAMENTAL LIMITS

AT

COMMUNICATIONS SYSTEMS
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Reliable transmission on unreliable channels - Example

0.5
00 = xg yo = 00
0.5
01 = X1 e vy = 01
11 = X2 0 V2 = 11
0.5 05
10 = X3 "y y3 = 10

@ 4 symbols = 2 bits of information for channel use
@ The channel is unreliable - Errors happen
» Symbol error probability is P, = 1/2
» With binary Gray assignment BER = 1/4
@ Cause of errors
» Given Y =y; it is not possible to uniquely identify X = x;
» Example: Y = y, is observed

* The transmitted symbol can be xy (no error)
* The transmitted symbol can be x; (with error)

—
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Reliable transmission over unreliable channels - Example (ll)

@ Option to transmit information reliably
» To transmit only a subset of the symbols
* Symbols that generate “non-overlapping” outputs
» Example: transmit only xy and x;
* xp: output yy or y;
* X1 output y, or y3
[Given an output there is no uncertainty in the transmitted symbol !!D
@ It is possible to transmit information on this channel without errors
» Cost of reliable transmission
* [Less information is transmitted per channel use]
- In this case: 2 symbols = 1 bit for channel use
@ Regular channels do not allow this directly
» Workaround: force similar behavior - [Channel coding]
* Zero probability of error is not sought (no overlaps)
* |t seeks to reduce the probability of error arbitrarily
- Overlaps with arbitrarily low probability

iversdod
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Reliable transmission over unreliable channels - Example (lll)

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

0=X
— =X
1=x2
_:x3
—:.x()

15)(3

0.5
Yo =0
0.5
y1i=0
2 =1
0.5
0.5
3 =1
=0
=1

0.5
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Channel coding

@ The channel is used n times together
» Definition of extended symbols: group of n symbols

@ Search for a subset of symbols (2*) that produce “low overlapping” in the output
» k bits of information are transported for every n uses of the channel

@ Example: binary symmetric channel (BER = ¢) withn =3

000 000
1—¢

0 e e 0 001 001

- 010 010

€ 011 011

1 e o | 100 100
1—=¢

101 101

110 110

111 111
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Channel coding (ll)

@ Most likely situations (for reasonably low ¢)
> 0 errors or 1 error over 3 bits - 4 branches/symbol (in black)

@ Less likely situations
> 2 errors or 3 errors over 3 bits - 4 branches/symbol (in green)

@ Subset of 2¢ (k < n) elements with “low overlapping”
> Example: 000 a(r)wgolll (k=1)

000 000 000 000 000

001 001 001 001 001 001
010 010 010 010 010 010
011 011 o011 011 011 011
100 100 100 100 100 100
101 101 101 101 101 101
110 110 110 110 110 110
111 111 111 111 111 111

@ Neglecting “low probability” links, there is no overlap
> Probability of error: P, =3 x [¢? (1 —¢)] + &
* Examples: e = 0.1 - P, =0.028 | e = 1073 — P, = 2.998 x 10~°
> Information transmitted: 1 bit (k) of information for every 3 (n) uses of the channel
* Codingrate: R=k/n=1/3
@ Intuition: increasing n and k (with k/n constant) can further reduce

weme 2 _There is a limit: (Channel capacity
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Channel coding (lll)

@ Example n = 3: 8 possible bit triplets (extended symbols)

O 0] (O] |Of |1 1 1 1
O |0] |1 If 10} (0] |1 1
Of |1] (O] [L| |O] [1] |Of |1

@ Subset of 2% = 2 extended symbols with “low overlap”
» Do not overlap if: there are 0 or 1 bit errors in the transmitted triplet
> Information transmitted with each triplet: 1 bit (k = 1)
> Codingrate: R = £ = 1

n 3
(0] [0] [0] [o] [1]
0= (0| — |0 O (1| ]0
_0_ _0_ _1_ _0 _0_
- 7 ol
1=111 — |1 1 0 1
_1_ _1_ _0_ _1_ _1_
Pa=(1—¢)3+3x [51(1—5)2], P.=3x [52(1—a)l]+ &
m T/—‘ " P@er)
(1 err.) P(2 err.)

—
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Channel coding (IV)

@ Example n = 6: 64 possible tuples of bits (extended symbols) - Subset of 2¢ = 4 ext. symbols with “low overlapping”

07 [07 [07 [07 [0 [07 07 [07 [0 [07 [0 [0 [0 [07 [0 [07 [O7 [07 07 [07 [0 [0
0 0 0 0 0 0 0 0 0] |0 0 0 0 0 0 0 1 1 1 1 1 1
of o[ |of o] [of [of [of [of {t||tf | |t]|t]|t]]|t]]|1]]o]]of] of]|of]|o]|o
of lof o] [of [1] 1] 1] 1] ]o|]of 0| |of |t]|1]|1]]|1]]o]]of o] of]|1] |1
of fol [t] [t o] ol |t]|t| o] fo| || [t|]o][of|t|[t|]o][of | |t]|]o]]o
of [1] LoJ L) LoJ L] LoJ L] LoJ L) Lol L) LoJ [1d LoJ [1] LoJ [1) Lol [1] Lo L1

r
0
0

|

b e
==
ket

0

0
L1
Il
1
\
\

!
I

07 707 T
i
0
i
|
Lol L
1
1

—o——oc- cco—-—2
oocom~— co—m——c

[t R i dor
co—ooo
—

—O0——— oo—0O—

Comm—a ool
Co-=-2 Soco—o-

So——o— ———o-—
‘Sococo—2 T-o——2
A ke B —
ceeems

]
Pl elender

[ daslanheder
2T

> There is no overlap if:
* There are 0 or 1 erroneous bits in the 6-tuple
* There are 2 errors in the initial 4 bits of the 6-tuple
* There are 2 errors: one in the last bit, and another one in the 1st, 2nd or 3rd bit

. . . . . . k2 1
» Transmitted information with the 6-tuple: 2 bits (k = 2): Coding rate:
n

> Probability of success: |P, = (1 — ) +6 x [sl(l = 5)5] +9 x [52(1 — s)“]}

——
AW @) P(1 err.) P(2 err.)

v | 5731 [0
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Channel coding (V)

So—oco—

Sc———2

S—coo—

S-o——2

—oocoo—

—oo——9o

So——oco

S—o—oco

S——coo

r d
—oo—oo

Co—oog Tto———— S—o~o— S-—oc-—o
T R T T ,
——ooog c—o——— 5So-—o—  So-—c—o
r I T J 1
Socoo—~ Soo——o L=—mmoO  m——o——
I J: T T ,
Sooco—g Sooc—o—  Lmmm—m— Lo —coo
Scoo—oo  pooo—— ———co— T\\ll%
r T T T .
Sc—ocogo &fo-——— LT-—o-o— Cf-oco-o
r o T o .
S—ococog &-—o——— fo-—o—~ So-o-—o
T o o o .
—ooocog Tfoo——— S—=——o—~ S-——c-9
r g T o .
Scococog foo-——— LT=—=—o—~ C-——o-o
r o T T .
Scocoocg foo——— LT=——o— Cf-—co-o

Il Il il |

=) — = —

3 IS = =

66
~—~

(15— 9) x [52(1 —5)4] 420 x [53(1 —5)3] 115 % [54(1 - 5)2] 16 x [55(1 —s)] +

P.=

N——— P

(6 err.)

P(5 err.)

P(3err.) P(4 err.)

P2 err.)
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Channel coding (VI)

10° ‘ ‘ ‘
10~1
10~2

@ Channel Capacity
(e=02-C=0278 (R>C)) (e=002—C=0858 (R<C))

iversdod
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Channel coding for error detection and correction

@ Channel coding: introduction of structured redundancy
» k information symbols are carried by transmitting n symbols (n > k)
* Coding rate: R = £
* Dictionary of the code C(k, n)

Example of dictionary for two binary codes

Index set (k)  Code words (n) Index set (k)  Code words (n)

0 000 00 000000

1 111 01 000111

10 111101

11 111010

Example code C(1, 3) Example code C(2, 6)

Code rate: R k
Encoder = Decoder
o ,, |
B] X[ Y[ B[]
[[-D ] DMC D dl-D—
12 k 12 n 12 n 12 k
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Noisy-Channel Coding Theorem

[Channel Capacity: C}

Noisy-Channel Coding Theorem (Claude Shannon 1948):

@ If the transmission rate R is less than C, then for any § > 0 there exists a code with block
length n long enough whose probability of error is less than §
> Channel coding: allows the probability of error to be reduced to any arbitrarily low level
© If R > C, the error probability of any code with any block length # is limited by a non-null
value
> Channel coding: DOES NOT allow the probability of error to be reduced to any arbitrarily low level

© There are codes that allow reaching the channel capacity R = C

Universdad
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Channel capacity

@ Maximum amount of information that can be transmitted reliably through a
communications channel in a digital communications system
» Distortion occurs in the transmission
* Potential loss of information
» Reliable Transmission - Definition
* |deal: transmission without potential loss of information
* In practice: transmission capable of reducing the probability of error as much as
necessary
» Channel coding concept
* Mechanism that allows a reliable transmission
» Channel capacity
* Limit on the number of extended symbols with arbitrarily low overlap as the
number of channel uses tends to infinity
@ Study of channel capacity:
» Digital channel (DMC)
* The binary digital channel is considered a particular case
» Gaussian channel
veom | Cafee Marcelino Lazaro, 2023 OCW-UC3M Communications Theory Information Theory 45/88



DMC: Channel capacity through mutual information
@ Mutual information between the input and output of a DMC

[I(X, Y) = H(X) — H(X\Y)]

Yo
@ Analysis for a BSC with BER = ¢ in two extreme cases €
» Optimal case (ideal channel): e =0 1 5 I

HEY)=0 — IXY)=HX) 1—¢
» Worstcase: e =1/2

(409) =H0) 1) =0) (¥ Y ndapender)

@ The following conclusions can be drawn
o The mutual information between input and output of the channel can be see as the amount of information
that passes from the input to the output when using channel
* In an ideal channel (¢ = 0) all the information passes: (I(X,Y) = H(X)

* |f input and output are independent, no information passes: (I(X,Y) =0
e H(X|Y) can be interpreted as the information that is “/ost” in the channel
* In an ideal channel (¢ = 0) the loss is null: (H(X|Y) =0
* |f input and output are independent, the loss is total: (H(X|Y) = H(X)
* [I(X, Y)=HX) — H(X|Y)] : information at the input, minus the information that is lost
veom | Cafee Marcelino Lazaro, 2023 OCW-UC3M Communications Theory Information Theory 46/88




Channel capacity for a digital channel

@ Formal definition for a DMC

px (%)

[C — max (X, Y)}

» Its units are bits (or bits per channel use)
> Maximization over (px(xo), px(x1),- - ,px(xmy—1))
@ Limit values

[() <C< min{long,logMY}]

- €20

* Since I(X,Y) >0

- CZTosiy

* Since I(X,Y) < H(X), and H(X) < log Mx

- CZTosity

* Since I(X,Y) < H(Y),and H(Y) < log My

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Capacity: constrained maximization problem

[C — max (X, Y)}

px(xi)

@ Approach: maximization of a function with restrictions
» Function to maximize
» Variables over which it is maximized (unknowns)
ol [I’X(XO),pX(xl), T )pX(xMx—l)]
» Constraints (on the unknowns)

* (0 <px(x) <1), forie {0,1,--- , My — 1}

@ In general, finding an analytical solution can be difficult
» Analytical solutions can be obtained only for “simple” channels
» Calculation by numerical methods using computers

—
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Binary Symmetric Channel (BSC) : BER = ¢ X0 Yo
@ Capacity: C = m(a); I1(X,7) Py Ol0) t-e €
Px(xi .
@ Calculation of I(X, Y) 1 4 "
Yooy l—e

. I’)\x("h’l) I=c
I(X,Y) = H(Y) — H(Y|X) = pr x)HY|X =x) 9¢

1

0
1 1
=H(Y) - _ZPX(XI') [— > pyix Ol 10gpyx(yj|x,-)j[ =H(Y) - Q(e)

=0

@ Calculation of channel capacity € log(e)=(1-¢) log(l-e)=0(e)
» The maximum of mutual information is sought
* For this channel H(Y|X) = Q(e) does not depend on px(x;)
- I1(X,Y) is maximum when H(Y) is maximum
* H(Y)is maximum if py(y;) = Miy: max H(Y) = log My = 1 bit/symb.

py(yo) = % =px(x0)(1 —¢€) +px(x1) €
7 =P

1 1
2 (30) = + px(x1)(1 — ) } = px(w) = 2 pxn) = 3

Q
|

— Q(e) bits/use] [px(xo) =px(x1) = %}

—
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Limits for transmission on a digital channel

@ A digital channel has a capacity of C bits/use

» If channel codes are used, the practical codes (those that make it possible to
reduce the probability of error arbitrarily) must have a coding rate lower than C

@ Practical limitation in terms of effective transmission rate when encoding for
error protection is used
» System designed to transmit at R, bits/s (raw rate)
* Effective rate:

( Rzﬁective = R X R, information bits/s}

* Effective transmission rate limit
[RZﬂm"ve < C x R, bits of information/sj
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Channel capacity for Gaussian channel
@ Input-output relationship model in a Gaussian channel

Y=X+Z

Z is a Gaussian random variable, with zero mean and variance P,
@ Channel capacity under the following conditions:

» Transmitted power:
» Bandwidth:
+ Noise power

@ Calculation through mutual information ([C =  max I(X,Y)
fx(x) | E[X*]<Px

Constraint: E[X?] < Px given by the power limitation

@ Result
C=Blog (1+ %) bits/s
= 5] NoB

It is obtained for a Gaussian fx(x)

FoEe Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Channel capacity for Gaussian channel (ll)
Gaussian channel capacity under:

@ Transmitted power:
@ Bandwidth:
> Noise power:

Capacity: number of non-overlapping spheres for
n uses given (taking into account the noise)

Py \"/? logy My 1 Px
My =1+ C=—2"" = "log, 1+ —
" ( PZ) n 2 % Pz

1 Px .
C=-1 14+ —— ] bits/use
2 ng( +NOB)

n-dimensional hyper-sphere: radius /nPx Number of transmissions/sec: 2B
n-dim. hyper-sphere: radius \/n(Px + Pz)

‘C =B log, (1 aF —) bits/s
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Capacity of the Gaussian channel - Effect of Py and B

@ Capacity depends on two design parameters {C = B log, (1 + 152) bits/s}
0

» Power of the transmitted signal, Px
» Available bandwidth in Hz, B

@ Channel capacity as a function of transmitted power Py

lim C =
Px—o0

» C can be arbitrarily increased by increasing Px
» Linear increase of C requires exponential increase of Py

@ Channel capacity as a function of bandwidth (B Hz)

. Px Px
1 =—1 =1.44 —
[35&0 N, BTy,

» The increment of B does not allow an arbitrary increment of C

iversdd
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Limits for transmission in a Gaussian channel

Binary transmission rate Signal-to-noise ratio

R, bits/s < C @e:%:%

C =B log, (1 n ,%)bits/s

= 2 bits/s/Hz Ey _ Py _ Px B _ SNR
i B E, = Z—X J/bit No = RyNo — NoB R Ry = 7
Spectral binary rate L

Ey | N i
(Spectral Efficiency) Average energy per bit b/ No ratio

@ Practical communication system (R, < C — R, < B log, (1 + SNR) bits/s]
> Dividing by B on both sides and rearranging

E,
{n <log, (1 +SNR), n<log, (1 +n b)}

No
E, 27— 1
SNR>27—1, 2>
No n

E,
[Ifn — 0 then Nl =In2=0693~—16 dB}
0
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Spectral Binary Rate vs. E,/N,

E, E, __ 2"—1
@ The curve is represented on the plane n vs 3 & =

> Divide the plane into two regions: systems with R, < C (practlcal) and with R, > C

n = % bits/s/Hz

s L on Ry > €
: R, < C
ol ‘ ‘ ‘ ‘
' 5 10 15 20 % (dB)
Y1107t
—1.592
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Normalized signal-to-noise ratio

@ Lower bound for SNR

[SNR > 2" — 1}

@ Definition of normalized SNR

SNR

SNRnorm = am T
——

@ Lower bound on SNR,,,m

[SNRM,," ~1(0 dB)J

‘‘‘‘‘‘‘‘
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EXAMPLES

OF

INFORMATION MEASUREMENTS
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Example - Entropy

0.5 px(xi)
X; xXo=-3 xi=—-1 xx=+1 x3=+43
0.25 i
T 0125 0125 Pxx) | 172 1/4 1/8 1/8
My —1 Myx—1
X0 X1 RY) X3 {H 12(; px (xi) logy px (xi) = 12(; px(x;) log, (Xz)}
-3 -1 +1 43
1 1 1 1 7.
H(X) = =1log,2 + —log, 4 + - log, 8 + - log, 8 = - bits/symb.
22— 4 8 8 4
1 2 3 3
pr(y) 0.5
0.25 Yi [y =10 yi=11 y, =12 y;=13
p ) 1/8 1/4 1/2 1/8
0.1?25 T o125 PO ‘ s Y / /
log
Yo V1 » Y3 Z b y, 2 pr(x) ( )
10 11 12 13
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Example - Entropy : Equiprobable symbols

px(xi)
X; Xo=-3 x1=—-1 xo=+1 x3=+43
025 0.25 0.25 0.25 px(xi) 1/4 1/4 1/4
Mx—1
i i 1 N
Xo Xy X2 X3 HH) = ; ey Z e ( i)
-3 -1 +1 43
1 1 1 1 .
H(X) = —log,4 + - log,4 + —log,4 + —log, 4 = 2 bits/symb.
2 2 2 2

@ Maximum value of the entropy

H(X) < log, My

» Achieved for equiprobable symbols
* Situation of (maximum uncertainty)

—
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Example - Die : Entropy
(Ax ={1,2,3,4,5,6})

px(xi)
L1 1 1 1 1
6 6 6 6 6 6
Xo X1 X2 X3 Xg4 X5
1 2 3 4 5 6
Ay = {< 4, > 4}

Wi
—@ wi—

—_

Universidad -
it ‘ Seriostt @ Marcelino Lazaro, 2023

x |1 23 4 5 6
T T T T T T
px() |5 6 5 5 6 @

H(X) = log, 6 = 2.585 bits/symb.
Maximum uncertainty !!!

:%log2%+%log23

=Q(3) =Q(3) = 0.918 bits/symb.

Lower uncertainty !!!
OCW-UC3M Communications Theory
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Example - Die : Joint Entropy

pxy(x,y) | 1 2 3 4 5 6 | pr(y)
<4 |1/6 1/6 1/6 1/6 0 0 | 2/3

>4 0 0 0 0 1/6 1/6| 1/3
px(x;) 1/6 1/6 1/6 1/6 1/6 1/6
My — lMy 1
Px,y (xi, yj log
lz(; Jz; ! ZPXY(-xlvyj)

1 1
H(X,Y) = glog26—|— 810g26+-~-

1 1 ,
=6x 3 log, 6 + 6 x 0log, 0= log, 6 = 2.585 bits/symb.

——
0

{H(x, Y) = 2.585 # H(X) + H(Y) = 3.503 bits/symb.}
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Example - Die : Conditional Entropy H(X|Y)

Loro1 1 pypy(n| <4)
1 1 1 1 |
H(X|Y =<4) =4 x ;log,4
[ I I I 0 0 = log, 4 = 2 bits/symb.
X0 X1 X2 X3 X4 Xj5
1 2 3 4 5 6
pxy (x| > 4) 53
H(X|Y =>4) =2 x ;log,?2
0 0 0 O = log, 2 = 1 bits/symb.
TOOA A Half of the uncertainty !!!
1 2 3 4 5 6
My 1

2 1 5.
HX|Y) = Zpyy] (XY =y;) = 3><2+§><1=§blts/symb.

Lower than (H(X) = log, 6 = 2.585 bits/symb.)
"c“’m‘g’i‘:’giﬁ Marcelino Lazaro, 2023
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Example - Die : Conditional Entropy H(X|Y)

pxy(iy) |1 2 3 4 5 6 | pr(y)
<4 [1/6 1/6 1/6 1/6 0 0 | 2/3
>4 0O 0 0 0 1/6 1/6]| 1/3
w0 [ 1/6 1/6 1/6 1/6 1/6 1/6 | 2/3

PXx, Y(x17YJ)
PX|Y(xl|yj) 7[}}/()}])
pxjy(xily) | 1 2 3 4 5 6 | >oipxpr(xly)
<4 /4 1/4 1/4 1/4 0 0 I
>4 0o 0 0 0 1/2 1/2 1
Myx—1My—1 | |
H(X|Y) = px.y(xi,y;) log = —log,4+ —log, 4+ ---
; jzo ’ sz|y<xz|y,> 6 "6

1 1 1
:4><810g24+2x610g22+6><010g26

——
0

2 1 5,.

—
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Example - Die : Conditional Entropy H(Y|X)

1 PY\X()’j“)
H(Y|X=1)=—1log,1—0log,0
0 = 0 bits/symb.
Yoo N No uncertainty !!!
<4 >4

Pyix(11) = prix(j12) = pyix (3i13) = Prix(v]4)
H(Y|X = 1) = H(Y|X = 2) = H(Y|X = 3) = H(Y|X = 4) = 0 bits/symb.

prix(315) = prix(16)

’ HY|X=5)=H(Y|X=6)=—1log, 1 —0log, 0
0 = 0 bits/symb.
Yoo N No uncertainty !!!
<4 >4 [H(Y]X) = 0 bits/symb.]
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Example - Die : Conditional Entropy H(Y|X)

pxy(a,y) | 1 2 3 4 5 6 |pr(y)
<4 1/6 1/6 1/6 1/6 0 0 | 2/3
>4 0O 0 0 0 1/6 1/6| 1/3
px(x) | 1/6 1/6 1/6 1/6 1/6 1/6| 2/3
vay(xiayj)
i\x) = —/————=
Py|x (yj |xi) px(x1)
pyixlx) [1 2 3 45 6
<4 I 1 1100
>4 000011
SoovxOple) [T 1T 1 1 1 1
My—1My—1
H(Y[X) = pxy(xi, ;) logy ————
iz:; ; (i) 2PY\X(Yj|xi)

1 1 .
=6 X 3 log, 1 + 6 x 0log, 0= 0 bits/symb.

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023
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Example - Die : Mutual Information /(X,Y)

pxy(xi,y) | 1 2 3 4 5 6 | pr(y)
<4 [1/6 1/6 1/6 1/6 0 0 | 2/3
>4 0O 0 0 0 1/6 1/6| 1/3
() | 1/6 1/6 1/6 1/6 1/6 1/6| 2/3

Mx—1My—1

Px,y\Xi, yj
I(X,Y) = Z Z px,y(Xi, ) logzM

=0 j=0 px(xi) py(y;)

1 1 1
b 4 ...+ —log, +2
X

I(X,Y) =
(X, 7) §lon T

log,

AN =
W=

A=
W wpo

1 1 1
:4><glog2§+2xglog23+6x010g26

——
0

glogz % 4F %logz 3} [I(X, Y)=0Q <%> =Q (%) = 0.9183 bits/symb.

I(X,Y) = 3

T w—
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Relationships between quantitative information measures

(H(X) = log, 6 = 2.585 bits/symb.] (H(Y) = € (1/3) = 0.918 bits/symb.]

|H(X|Y) _ g bits/symb.l (H(Y[X) = 0 bits/symb)

(H(X,Y) = log, 6 = 2.585 bits/symb.) (I(X,Y) = Q(1/3) = 0.918 bits/symb.)

@ Relationships for joint entropy

[H(x, Y) = H(X) + H(Y|X) = log, 6 + 0 = log, 6 = 2.585 bits/symb.]

‘H(X, Y) = H(Y) + HX|Y) = Q(1/3) + g — 2,585 bits/symb. ’

[H(X, Y) # H(X) + H(Y) = 3.503 bits/symb. (NOT Independent!!!)]
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Relationships between quantitative information measures (ll)

(H(X) = log, 6 = 2.585 bits/symb.] (H(Y) = (1/3) = 0.918 bits/symb.]

H(X|Y) = g bits/symb.l (H(YX) = 0 bits/symb)

(H(X,Y) = log, 6 = 2.585 bits/symb.) (I(X,Y) = Q(1/3) = 0.918 bits/symb.)

@ Relationships for mutual information

[I(X, Y) = H(Y) — H(Y|X) = Q(1/3) — 0 = 0.918 bits/symb.]

‘ I(X,Y) = H(X) — H(X|Y) = log, 6 — g — 0.918 bits/symb. ’

[I(X, Y) = H(X) + H(Y) — H(X, Y) = log, 6 + Q(1/3) — log, 6 = 0.918 bits/symb.]

[I(X, Y) # 0 bits/symb. (NOT Independent!!!)]
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Example Two Dice - Entropy

Die 1 : px(x;)
11 1

11
6 6 6 6 6

L[]

Xo X1 X2 X3 X1
1 2 3 4 5

DieZ:py(x,»)

2

3

——e

3
!
Y1
>4

Yo
<4

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

1
: x |1 23 456
[ ORI A
p H(X) = log, 6 = 2.585 bits/symb.
5
6
Yj ‘§4 >4
I
H(Y)= —§log2% — Log, 3

3
:%10g2%+%10g23
-2@)-0() -
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Example Two Dice - Entropy conjunta

pxy(,y) | 1 2 3 4 5 6 | pr(y)
<4 [1/9 1/9 1/9 1/9 1/9 1/9 | 2/3
>4 [1/18 1/18 1/18 1/18 1/18 1/18| 1/3
oxCo) [ 1/6 176 1/6 176 1/6 1/6 | 2,3

My—1My—1

Z Z Px,y xhyj IOgZ

= = pxy(xl,yj)

1 1 :
=6 X 9 log, 9 + 6 x 18 log, 18 = 3.503 bits/symb.

X and Y are INDEPENDENT

[H(x, Y) = H(X) + H(Y) = 2.585 + 0.918 = 3.503 bits/symb.}
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Example Two Dice - Conditional Entropy H(X|Y)

1101 1 11 pxjy(xi] < 4)
6 6 6 6 6 6
H(X|Y =<4)=H(X)
[ I I I X X = log, 6 = 2.585 bits/symb.
Xo X1 X2 X3 X4 X5
1 2 3 4 5 6
L1111 g P>
6 6 6 6 6 6
HX|Y =>4)=H(X)
[ I I I X X = log, 6 = 2.585 bits/symb.
Xo X1 X2 X3 X4 X5
1 2 3 4 5 6

X and Y are INDEPENDENT
My—1

H(X|Y) = Z pr(y)H(X|Y = y;) = H(X) = log, 6 = 2.585 bits/symb.
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Example Two Dice - Conditional Entropy H(X|Y)

Px,y(Xi, ;) 1 2 3 4 5 6 | pr(y)

<4 1/9 1/9 1/9 1/9 1/9 1/9 | 2/3
>4 |1/18 1/18 1/18 1/18 1/18 1/18 | 1/3

px(x) | 1/6 1/6 1/6 1/6 1/6 1/6 | 2/3

Px, Y(xuy])
PY(}’])

PX\Y(xz|YJ)

pX]Y(xi|yj) 1 2 3 4 5 6 ZiPX|Y(xi|yj)
<4 1/6 1/6 1/6 1/6 1/6 1/6 1

>4 1/6 1/6 1/6 1/6 1/6 1/6 1
MX lMy 1

X|Y pXY xl7y log
120: 120: / 2I’X\Y(xz|yj)

1 .
— log, 6 = log, 6 bits/symb.

1
:6><§10g26+6>< T8

—
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Example Two Dice - Conditional Entropy H(Y|X)

2 prix(vi[1)

i HY|X=1)=H(Y)
J—L = Q(1/3) = 0.918 bits/symb.

Yo 1
<4 >4

prix(j11) = prix(0j12) = prix(13) = prix(j14) = Prix(jS) = Py x (3;16)
H(YIX=1)=H(Y|X=2)=H(Y|X=3)=H(Y) = 0.918 bits/symb.
HYX=4)=H(Y|X=5)=H(Y|X=6)=H(Y) =0.918 bits/symb.

X and Y are INDEPENDENT

Mx—1

H(Y|X) = Z px(x)H(Y|X = x;) = H(Y) = 0.918 bits/symb.
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Example Two Dice - Conditional Entropy H(Y|X)

px.y (i, yj) 1 2 3 4 5 6 | pr(y)
<4 /9 1/9 1/9 1/9 1/9 1/9 | 2/3
> 4 1/18 1/18 1/18 1/18 1/18 1/18 | 1/3
Px () 1/6 1/6 1/6 1/6 1/6 1/6 | 2/3
1oy _ Pxy(xi )
PY\X(y/|xl) = px ()
PY\X()’j|xi) 1 2 3 4
<4 2/3 2/3 2/3 2/3 2/3 2/3
> 4 1/3 13 1/3 1/3 13 1/3
> pyix(yle) |1 1 1 1
My—1My—1
Y‘X PX Y xl)y 10g
ZO Z 7 prx () |x<y,|x,>
1 3 1
:6X§10g2§+6><ﬁ10g23
3 1 .
=3 log, 3 + 3 log, 3 = 2(1/3) = 0.918 bits/symb.
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it ‘ Sariostt @ Marcelino Lazaro, 2023

OCW-UC3M Communications Theory

Information Theory 74/88



Example Two Dice - Informaciéon mutua /(X,Y)
1 2 3 4 5 6 | pr(y)
2/3

Px,Y(xi,y/')
1/9 1/9 1/9 1/9 1/9 1/9
1/18 1/18 1/3

<4
>4 | 1/18 1/18 1/18 1/18
) 1 1/6 1/6 1/6 1/6 1/6 1/6 | 2/3
(S Pl )
[(X,Y) = px.y(xi,y;) log, -2t
( ) ; ]:ZO X Y( J) ZPX(xi) PY(Yj)
1 1 1
= —log, —— + ... log —18
2 2]
9 6 x5 § %3

=6x log2 1 = 0 bits/symb.

X and Y are INDEPENDENT
(z(x, Y) =0 bits/symb.}

OCW-UC3M Communications Theory
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Relationships between quantitative information measures

@ Example Two Dice

(H(X) = log, 6 = 2.585 bits/symb.] (H(Y) = Q(1/3) = 0.918 bits/symb.)

(H(X|Y) = log, 6 = 2.585 bits/symb.] (H(Y|X) = Q(1/3) = 0.918 bits/symb.

(H(X,Y) = 3.503 bits/symb.] (I(X,Y) = 0 bits/symb.)

@ Relationships for the joint entropy

[H(X, Y) = H(X) + H(Y|X) = log, 6 + 0 (1/3) = 3.503 bits/symb.]

‘H(X, Y) = H(Y) + HX|Y) = Q(1/3) + g = 3.503 bits/symb. ’

[H(x, Y) = H(X) + H(Y) = 3.503 bits/symb. (INDEPENDENT!!!)J
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Relationships between quantitative information measures (ll)

@ Example Two Dice

(H(X) = log, 6 = 2.585 bits/symb.] (H(Y) = (1/3) = 0.918 bits/symb.)

(H(X|Y) = log, 6 = 2.585 bits/symb.] (H(Y|X) = Q(1/3) = 0.918 bits/symb.

(H(X,Y) = 3.503 bits/symb.] (I(X,Y) = 0 bits/symb.)

@ Relaitonships for the mutual information

[z(x, Y) = H(Y) — H(Y|X) = Q(1/3) — Q(1/3) = 0 bits/symb.}

(z(x, Y) = H(X) — H(X|Y) = log, 6 — log,6 = 0 bits/symb.j

{z(x, Y) = H(X) + H(Y) — H(X, ¥) = log, 6 + Q(1/3) — 3.503 = 0 bits/symb.j

[I(X, Y) = 0 bits/symb. (INDEPENDENT!!!)}
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EXAMPLES

OF

CHANNEL CAPACITY
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Binary symmetric channel with BER = ¢ X0 Yo
@ Capacity: C = m(a}§ 1(X,Y) €
Px (Xi l1—¢ £
@ Unknowns: px(xo), px(x1) PrixCba) X yi
@ Evaluation of I(X,Y) ‘ l—¢
Yo y1
\ Prix (1) I—e
I(X,Y) = H(Y) = H(Y|X) = H(Y) = >_ px(x) H(Y|X = x) :
i=0
Yo M1

1

1
=H(Y) = > px(%) l:— > pyix(lx) IOgPY|X(iji):| =H(Y) - Q(e)
i=0

j=0

@ Channel capacity —¢ log(e)—(1—¢) log(1—&)=9(c)

> Maximum of the mutual information
* H(Y|X) = Q(e) does not depend on px(x;) for this channel
- 1(X,Y) is maximum when H(Y) is maximum
*  H(Y) is maximum if py (y;) = Miy: max H(Y) = log My = 1 bit/simb.

pr(vo) = 3 = px(x0)(1 — ) + px(x1) € R
pr(sn) = 1 = px(x0) & + pr(en) (1 — ) } = pxta) = 5. o) = 5

- (C=1-9() bits/use | px(x0) = px(x1) = §
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Binary Erasure Channel (BEC)

1—¢
X0 Yo
@ Capacty: C = maxI(X,Y) I—e © E
px(xi) pyix (¥lxo) .
@ Unknowns: px(xo) = p, px(x1) =1—p < X o
@ Evaluation of I(X,Y) % E l—e¢
1 py|xOlx1) I-e
I(X,Y) = H(Y) = H(Y|X) = H(Y) = > px(x) H(Y|X = x;) '
i=0

Yo E Y1
1

1
=H(Y) = > px(x) [ > pyix Ol longX(yj|xf):| =H(Y) - Q(e)
i=0

j=0

@ Channel capacity —¢ log(e)—(1—¢) log(1—£)=0(e)
» Maximum of the mutual information
* H(Y|X) = Q(e) does not depends on px(x;) for this channel
-I1(X,Y) is maximum when H(Y) is maximum
pr(yo) =p(1 —¢)
* Probabilities py(y;) to compute H(Y) py(E)=pe+ (1—pe=¢

pr() =1 -p)(1—¢)
(H() = =p(1 — &) oglp(1 — )] = (1 = p)(1 — &) log|(1 — p)(1 — &) — e log¢]
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Binary Erasure Channel (BEC)
H(Y)=—p(1 —)log[p(1 — )]

—(1=p)(1 —¢)log[(1 —p)(1 —¢)]
—cloge

=—p(1 —¢)[logp + log(1 —¢)]
—(1=p)(1 —¢)[log(1 — p) + log(1 — )]
—cloge

=-—p(l —¢)logp — (1 —p)(1 — &) log(l —p)
—[p(1 =)+ (1 —p)(1 —¢e)]log(1 —¢)

(1—2)

—cloge
=(1-¢)Q(p) + Q(e)

1(X,Y) = H(Y) = Q(e) = (1 = £)Q(p)

(C=1—cbits/use) [px(xo) — =L )= —p = %]
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Z channel with error prob. =, ¢ ¢ Xo Yo
@ Capacity: C = ma>§I(X, Y) 0
Px(Xi
@ Unknowns: px(xo) = 1 — p, px(x1) = p oo X1 Vi
@ Evaluation of I(X, Y) I—e

Ppyix(vlx1) I—e
1 I

I(X,Y)=H(Y) - H(Y|X)=H(Y) — pr(xi) HY|X=x) 0 o

HYIX=x) =0,  H(Y|X =x) = Q(c) bits/simb.
{prom = P = I S —apa - o)

1(X,Y) = H(Y) — H(Y|X) = Q(p(1 — £)) — p2(e)
— —p(1— ) loglp(1 — )] — (1 = p(1 — £)) log[1 — p(1 — £)] — p2(e)

iversdd
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Z channel with error prob. =

1(X,Y) = H(®Y)-H{Y[X) = Q(p(1 —¢)) - pQ(e)
= —p(I1—¢g)logp(l — )] = (1 =p(1 —&)) log[l —p(1 — &)] — pS(e)
[Q(x) = —xlogx — (1 — x) log(1 —x)] — [8&;}(;) = log ! ;x]
oI(X,Y) 1—p(l—¢) B
ap —(1—5)logﬂ—9(5)—0
logl—p(l—a)_Q(e)_}1—p(1—e):2flz£as>_>p: 1

p(l—¢) 1-¢ p(l —¢)

P = Q(e)
(1—¢) (1+21—s




Other channels (symmetric)l o 9 X0
Py |x WiXo
@ Capacity: C = maxI(X,Y) J_T_ﬂ_i
px(xi) Yo yiooy2 )3 X1
@ Unknowns: p; = px(x;), i € {0,1,2,3}
@ Evaluation of I(X,Y) = H(Y) — H(Y|X)

X2
H(Y|X =xp) = —cloge — (1 —¢g)log(1 —e) = Q(e)
x3
pyx (lxr)
H(Y|X =x1)=-2xc¢eloge — (1 —2¢)log(1 — 2¢) e * 0
=Q(2e) + 2¢ Yooy )3

HY|X=x)=H(Y|X=x), H(Y|X=x3)=H(Y|X = x))

H(Y|X) = (po +p3)Q() + (p1 + p2) [Q(26) + 2¢]
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Other channels (symmetric) X0
px(x0) = po, px(x1) = p1,px(x2) = p2, px(x3) = p3

py(Yo) = po(l —¢) +pie e
pr(y1) = pi(1 —2¢) + (po + p2)e

py(y2) =p2(1 —2¢) + (p1 + p3)e P
pr(y3) = p3(1 —¢) + pae

X3

H(Y)=—(po(1 — ) + pi1e) log(po(l — €) + p1€)
—(p1(1 —2¢) + (po + p2)e) log(p1(1 — 2¢) + (po + p2)e)
—(p2(1 = 2¢) + (p1 + p3)e) log(pa2(1 — 2¢) + (p1 + p3)e)
—(p3(1 =€) + pag) log(ps(1 — &) + p2e)

H(Y|X) = (po + p3)Qe) + (p1 + p2) [Q2e) + 2¢]

(I(X, Y) = H(Y) — H(Y|X)]
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Other channels (symmetric) - Symmetry X0
px(x0) = p3, px(x1) = p2, px(x2) = p1,px(x3) = po

X2

py(vo) = p3(1 —¢€) + pae e
pr(y1) = p2(1 —2¢) + (p3 + p1)e
pygyzg Plgl —2¢) + (p2 + po)e

po(l1 —¢)+pie

H(Y)=—(po(1 —¢) + pie) log(po(l — €) + p1€) .

(
—(p1(1 = 2¢) + (po + p2)e) log(p1(1 — 2¢) + (po + p2)e)
—(p2(1 = 2¢) + (p1 + p3)e) log(p2(1 — 2¢) + (p1 + p3)e)
—(p3(1 =€) + pae) log(ps(1 — €) + pac)

H(Y|X) = (po +p3)Q(e) + (p1 + p2) [Q(2¢) + 2¢]
(I(X7 Y) = H(Y) — H(Y|x)]
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Other channels (symmetric) - Parameterization x,
px(xo) = px(x3) = gv px(x1) = px(x2) = %p
(v0) = §(1 —¢) + Fre = EE2e xl
pr(n) = 32(1 — 2¢) 4 1e = 1Hlete=2e)
(2) ;(1—2€)+%€=L§_W X2
(v3) = §(1 —¢) + 52e = F522

Xp-i-E—Zpelng-i-E—Zpe X3
2 2
1— _ _ _
(p+e—2pe) 1Ogl (p+e—2pe)
2 2
=—(p+ e —2pe)[log(p + ¢ — 2pe) — log 2]
—(1— (p+e—2pe))[log(1 — (p + € — 2pe)) — log 2]
=1+Q(p+e—2pe)

H(Y)=-2

-2 X

H(Y|X) = pQ(e) + (1 — p) [2(2¢) + 2¢]

IX,Y) = 1+ Q(p + e — 2pe) — pQe) — (1 — p) [Q2e) + 251}
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Other channels (symmetric) - Capacity
I(X,)Y)=1+Q(p+e—2pe) —pQe) — (1 — p)[Q22e) + 2¢]

0I(X,Y) 1 —(p+e—2pe)

=(1-2¢)1 —Q Q2 2¢e =0
20— (1- 210 IEPEEEE g 40+ 20
log 1—(p+e—2pe) Q) —Q(2) — 2 . 1-(p+e—2pe) _ NECELEEES
p+e—2pe 1—-2¢ p+e—2pe
= (1427555)

(1= 20) (14 27)

(c — 1+ Q(p + & — 2pe) — pe) — (1 — p) [22¢) + 2¢] bits/use}

{px(xo) = px(w) = gv px(x1) = px(x) = l%p}
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