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Random Variable (Real)

Function that assigns a numeric (real) value to the output of a random experiment

Q—R

AeQ X\ ER N

X(X2) X(A1) X(A3)  X(Ag) R

@ Range (domain) of X: Dy = {x e R: 3A € Q, X(\) = x}

» Discrete r.v.: domain formed by a discrete set of values
» Continuous r.v.: continuous range of values

@ Description (probabilistic):

» Distribution function: (Fx(x)
» Probability density function: [fx(x)
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Distribution Function or Cumulative Distribution Function (CDF)

@ Definition

a@:P@g@}

@ Frequency interpretation (probabilistic)

{H@:ngﬂzhm@}

n—oo n

n : number of realizations of the random variable X
n, : number of results in the n realizations with X < x

Fx(x) Fx(x)
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Realizations of a Gaussian random variable
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Estimate of the distribution function (Gaussian)

Fx(x)
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Realizations of a Uniform random variable
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Estimate of the distribution function (Uniform)

Fx(x)
1 —
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Uniform: U4(—1,1)
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Properties of the distribution function

Q@ 0<Fx(x)<1

e [xl <X — Fx(xl) < Fx(xz)] [(Fx(x) is non—decreasing)]

Q (Fx( =0 and Fx(oo) = 1] [(x_lél_nooFX(x) =0, m Fx(x) = 1)]

{F ¥ (x ] ((Fx(x) is continuous from the right))

Q (Fx(b) =Pla<X<b)
P(a S X S b) = Fx(b) — Fx(a_)
P(d <X<b)= Fx(b_) = Fx(a)
P(d <X<b)= Fx(b_) = Fx(a_)
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Probability density function (PDF)

@ Definition

() = Pl

» Discrete r.v.: ground points p; = P(X = x;)
» Notation for discrete r.v.: px(x;) = pi

@ Frequency interpretation (probabilistic)

o Px<X<x+ A,
{X@):Ahg}o ( A )

1 . n
fx(x) = lim < — lim —
Ay—0 Ax n—oo N
n : number of realizations of the random variable X

ny : number of results in the n realizations such that x < X < x + A,
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Interpretation of the probability density function

@ The PDF indicates how the realizations of a random variable are distributed
» Large values of fx(x) : high probability that the random variable takes values in
that range
» Allows the calculation of probabilities on the possible values of a random
variable
@ A PDF can be interpreted as a histogram pushed to the limit
@ Several examples are shown below

» Uniform random variable
» Gaussian random variable
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Realizations of a Gaussian random variable
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Histogram of 10000 realizations of a Gaussian random variable
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Realizations of a Uniform random variable

1 ° T T T T -
* s .l 23 24
° ° @ . ° 20
0.6 .
t e * .. o ° ° °®
° ° e %o ° ° ° °
L]
0.2 . 5 * ~1-0.6-0202 06 1
° ° ° e ©
o ° XX
L] L]
° °
—02 . . .
° ° ® ° ° R °
° e o
—06 ’ ) ° o
: o e o o o L
L] L] L] °
[ ] L] () [ ] ° °
L LI L | |
0 20 4% lizati 60 80 100 —1 —0.6—0.202 0.6 1
ealization

v | 5731 [0

Marcelino Lazaro, 2023 OCW-UC3M Communications Theory Random Variables 14/106



Histogram of 10000 realizations of a Uniform random variable.
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Properties of fx(x)

Q (x>0
Q [/Oofx(x)dle}

°|

fx(x)dx=Pla< X <b)

a

Q In general,

P(X € A) = /A Fe() de

o

Fy(x) = /_ ; Feu) du
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Bernoulli random variable

@ Discrete random variable with Dy = {0, 1}
@ Parameter: p=P(X =1)

l—p, x=0
fx(x) = p, x=1
0, else
p
1—p T
r |
0 1

@ Application examples in communications
» Binary data generator
» Error model
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Binomial Random Variable

@ Number of 1’s in n Bernoulli experiments (indep.)
» Parameters: n, p
* n: number of Bernoulli experiments
* p: probability of “1” in each experiment
@ Dy =1{0,1,...,n}

fe(x) = { Q) (A=p)y 0<x<nyxinZ

0, else

Example: n =5,p =0.25

0.3955

0.2373 0.2637
T T 0.0879 0.0146 0.0010

T ! ! ? > —o
0 1 2 3 4 5

@ Example of application in communications

.. > _Number of bits received in error in a block of n bits
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Binomial Coefficients - Pascal’s Triangle

n\ __ n!
n=0 N () = e
n=1 1 1
n=2 1 2 1
n=3 1 3 3 1
n=4 1 4 6 4 1
n=>5 1 5 10 10 5 1
n==~6 1 6 15 20 15 6 1
n=717 1 7 21 35 35 21 7 1
n=2_8 1 8§ 28 56 70 56 28 8 1
n=9 1 9 36 84 126 126 84 36 9 1
n=10 1 10 45 120 210 252 210 120 45 10 1

n=11I1 1 11 55 165 330 462 462 330 165 55 11 1
n—lZ/l 12 66 220 495 792 924 792 495 220 66 12 1
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Uniform Random Variable

@ Continuous random variable with parameters a« and »
» Notation: U(a, b)
» Domain: Dy = (a,b)

@ Example of application in communications
» Random phase in a sinusoid: r.v. uniform between 0 and 27
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Gaussian (Normal) random variable

@ Parameters: mean (1), and variance (0?)

» Notation: N'(u, o?)
» Domain: Dx = R

@ Example of application in communications
» Thermal noise modeling
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Integrals over Gaussian distributions N\ (;, 0%)

@ |If the Gaussian distribution has mean y and variance o

P(X>x):Q<x_'u>’

a

@ Graphical interpretation (considering definition and symmetry)

0 () =2(7)

[

—
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Integrals over A (i, 0?) in intervals

@ In general, they can be written as sums or differences of different terms involving integrals
from a point to 00, which can be obtained using the function Q(x)

@ Anillustrative example

N(p,o?)

Xpop H X2

—
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Functions of a random variable

@ A function Y = g(X) of a random variable is another random variable
@ Cumulative Distribution Function (CDF)

[Fr) = P(Y <) = Plg(X) < )]

Fy(y) = P(x € Bx(v)), By(y) ={x € R: g(x) <y}
@ Probability density function (PDF)

Ny

» {x;}: roots of the equation y = g(x)
» ¢'(x): derivative of the function g(x)
» Conditions: finite number of roots, N, and g(x;) # 0 Vx;
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Statistical moments

@ Expected value (mean, or mathematical expectation)

my = E[X] = /OO x () dx

—0o0

@ Expected value of a function of X (g(X))

Ble(0)) = | " g0 fux) dx

— 00

{m;z — [ st dx}

[0)2( =E[(X-—mx)] = /00 (x — my)? fx(x) dx}

—00

@ Moment of order n

@ Variance

NOTE: [a§ = £ [(c— my)?] = EDC] - (EX)? = EX*] - (mX)ZJ
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Moment properties

Considering random variables X, Y, and constant c:
® (E[X + Y] = E[X] + E[Y] = mx + my) (Linear operator)
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Multidimensional Random Variables

@ It is possible to work jointly with two random variables defined on the same
sample space ¢

@ Joint probabilistic modeling
» Joint distribution function

(Frrey) = PX <x ¥ <))

» Joint probability density function

2

0
{fX,Y(‘xv y) = %FX,Y()Q y)}
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Properties of Fy y(x,y) and fy y(x,y)
° [FX(x) = Fxy(x, OO)]
o (Fy(y) = Fxr(c0,))

o () = / el dy}

® fy(y) = /_oofX,Y(X,)’) dx

ol f Z / ZfX,Y(x» ) dx dy = 1}

° |P((X,Y) €A) = / /( )eAfx,y(x,y) dxdy}

@ Fyy(x,y) = /x /y Sfxy(u,v) du dv}
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Functions of random variables
@ Functions of random variables: (Z=g(X,Y), W = h(X,Y))

{ Z=g(X,Y)
W =h(X,Y)

@ Joint distribution function, Fz w(z, w)

{FZW(z, w)=P(Z<z;,W<w)=P ((x, y) € Bf(’,hy(z, W))}

BYY (2, w) = {(x,y) € R : g(x,y) < 2,h(x,y) < w}
@ Joint probability density function

0z(x,y) 0z(x,y) ]

fxy(xi, i) _ o )
fzw(z,w) Z det 30w’ IV = Qo) ng’y)

» {x;,y;}: roots of the system of equations z = g(x,y),w = h(x,y)
» Finite number of roots and non-zero determinant for all of them
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Conditional probability density function

@ Meaning of a conditional probability:
» Knowing the value of one variable may vary the (prior) probabilities on the other

fXY Xy
{fyx()’x) = { » i) £0 J

0, else

* In general, it may happen that fy|x(yv|x) # fr(y)
@ Definition of statistical independence:

[fy|x(y|x> =fr(y) J
fur(aly) = ()

» Implication: for independent random variables
[ %,y (x,y) = fx(x) fY()’)]
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Statistical moments

@ Expected value of a function g(X,Y)

oo

/ g(x,y) fx,y(x,y) dx dy

o0

@ Particular cases

» Correlation: (g(X,Y)=XY
> Covariance: (g(X,Y) = (X — mx) (Y — my)|

@ Implication of independence: if g(X,Y) = g1(X) g2(Y)

El8100 ()] = El1(0)] Elga()] |

REMARK: Only under independence between X and Y !!!!
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Uncorrelation

@ Correlation coefficient

, 0 < |pxy| < 1}

» If (px.y = 0): (r.v’s uncorrelated)

* |Independence implies uncorrelation
* Uncorrelation does not imply independence

> If (px,y = +1): (linear relationship ¥ = aX + b)
[px7y:+1—>a>0; px7y:—1—>l0<0}

@ Uncorrelation only implies independence for Jointly-Gaussian r.v.s
» Except for this case, in general, uncorrelation does not imply independence !!!
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Jointly-Gaussian random variables

Variables characterized by a Joint-Gaussian (multivariate normal) PDF

@ For two variables, X, Y:
» 2-D Gaussian

fx,y(x,y) = — 1. =2
’ 2woxoyV/1 — p?

20')2( 20‘% oxoy

i ((x R i Y w))}

@ For nrandom variables X = X1, X5,..., X,
» Variables with a Joint-Gaussian PDF n-D

1
1 —s(x—p)C (x—p)"
O, x0, X)) = ———e 2
(2m)" det(C)

* Vector of means: [[,l, = (1, 12, )" i = E[Xi]]
* Covariance matrix: C, given by

(C,'J = COV(Xh}(j) = Pij Oi O'jJ
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Jointly Gaussian properties of r.v.’s

@ Fully characterized by u and C (2nd order statistics)

@ If n random variables are jointly Gaussian, then any subset is also jointly Gaussian
distributed
» In particular, all individual variables are Gaussian
@ Any subset of jointly-Gaussian r.v.s, conditioned on another subset of the same original
joint-Gaussian r.v’s, has a jointly-Gaussian distribution
> The parameters of the multivariate normal distribution are modified

@ Any set of linear combinations of (X;,X>,...,X,) is joint Gaussian
> In particular, individually any linear combination Y; is Gaussian

@ Two uncorrelated variables are independent
> For jointly-Gaussian random variables independence is equivalent to uncorrelation

@ If the variables are uncorrelated, p;; = 0 Vi #j
> Cis a diagonal matrix
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Sum of random variables

@ Law of large numbers (weak): If (X;,X,,...,X,) are uncorrelated and they all have
the same mean my and variance o% < oo, regardless of its distribution, for any € > 0,

. | — .
n‘Y—;ZX,» lim P(|Y —mx| >e) =0

i=1

@ Central Limit Theorem: If (X;,X>,...,X,) are independent with means
my,my,...,m,, and variances o?,03, ..., 02, then the distribution of

1 “ X,'—m,-
Y=—

converges to a Gaussian distribution with mean 0 and variance 1

I 2
fY(y):me 2 :N(Oal)}
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Sum of random variables (ll)

@ Particular case: variables independent and identically distributed (i.i.d.), that
is, they all have the same distribution with the same mean m and the same

variance o?; the average

converges to a distribution

n

{Y ~ N (m, 0—2)}

» This is so even if the distribution of each X; is not Gaussian

@ Reminder: conditions to satisfy
» Law of large numbers (weak): non-correlation
» Central Limit Theorem: independence
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Realizations of 1 Gaussian random variable

e

@ Gaussian random variable: mean my = 1, variance oz = 1
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Average of 2 Gaussian random variables

@ Gaussian random variables: mean my = 1, variance o% = 1

W
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Average of 5 Gaussian random variables

@ Gaussian random variables: mean my = 1, variance o% = 1
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Average of 10 Gaussian random variables

@ Gaussian random variables: mean my = 1, variance o% = 1
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Average of 25 Gaussian random variables

@ Gaussian random variables: mean my = 1, variance o% = 1
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Average of 50 Gaussian random variables

@ Gaussian random variables: mean my = 1, variance o% = 1
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Average of 100 Gaussian random variables

@ Gaussian random variables: mean my = 1, variance o% = 1
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Realizations of 1 Uniform random variable

@ Uniform random variable: 2/(—1,1)
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Average of 2 Uniform random variables

@ Uniform random variables: (-1, 1)
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Average of 5 Uniform random variables

@ Uniform random variables: (-1, 1)
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Average of 10 Uniform random variables

@ Uniform random variables: (-1, 1)

2 T T T T
1.5
- . L4
o~ o -~ o~ . --\-
1 Iy LY . 3 - -
.~ : . - . - o o
0.5
0 1 1 1 1
0 20 40 60 80 100 0 0.5 1 1.5 2
Realization Histogram (150000 realizations)

—
veom | cafesil - (XOET0) Marcelino Lazaro, 2023 OCW-UC3M Communications Theory Random Variables 47/106



Average of 25 Uniform random variables

@ Uniform random variables: (-1, 1)
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Average of 50 Uniform random variables

@ Uniform random variables: (-1, 1)
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Average of 100 Uniform random variables

@ Uniform random variables: (-1, 1)
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Stochastic or random processes (real)
@ Extension of the concept of random variable including time dependency

» Random variable: (A € Q@ — X(\)

» Stochastic process (continuous or discrete time): [)\ € Q — X(t,\) or X[n, )\D
@ Particularizations

> (X(,\i) or X[n, \i]) : time signal associated with );

> (X(1i, \) or X[n;, ]) : random variable X()

> (X(5;, ) or X[n;, \i]) : individual realization of a r.v.
@ Notation: (X(z) or X|n]
@ Interpretation: indexed set of random variables

» Continuous index (¢ € R): continuous time stochastic process
» Discrete index (n € Z): discrete-time random process
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Random process X(z, \) = X(r) - Example |

@ Random experiment: throwing a dice
» 6 possible outcomes

(Y€ 2%, 04,35, 2o}

@ Random variable
» Usual assignment: \; =i
> Domain (Dx = {1,2,3,4,5,6})
@ Stochastic process
» A signal for each possible outcome of the experiment

{X(r, A) = % + sin(wot — 9:’)}

with 6; — (i — 1)%”}

forie {1,2,3,4,5,6}
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Random process X (7, \) =

9

X(r) - Example |
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1.5 & X(1, As)
P N
1.5 A
1 & /h\
OA(S) N
—0.5 l \ﬁ_/ <—>\k_/ [P
tthl t4Tr3 t5Tt;
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Random process X(z, \) = X(¢) - Example I

@ Random experiment: throwing a dice
» 6 possible outcomes

{)\ € {)\1, >\27 /\37 )\47 )\Sa )‘6}J

@ Random process
» A signal for each possible outcome of the experiment

[X(r, i) = % cos(wot) + %Sin(wot - 0,-)}

with 6, = (i — 1)%”}

forie {1,2,3,4,5,6}

‘‘‘‘‘‘‘‘
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Random process X(7, \) = X(¢) - Example Il

X(1, A X, )
gy R

0 N /‘B’_‘B\ P
—1 + X(1, \2)

1+

0 —4— — —
—1 + X(1, A3)

' (11, 23)

0 —— —~—~— !
—1 + X(t, \g)

1+

0 b P NI
i XM/ \ﬁ_/a/ \

et

) I\ PN TN INC
1 4 X(x,k—ﬁ// \“\4/

1 4 —~

ERN TN

0 N t

LN NS -
nh oo ty B te 15

iversdd
vesm ‘ Careslil [©OSS Marcelino Lézaro, 2023 OCW-UC3M Communications Theory Stochastic Processes 55/106



Description of a random process

@ Analytical description
X(1) = f(z,0)

0 ={6,,6,,...,0,}: vector of n random variables
» Equation f(z,0)
» Statistical description of 8 (joint PDF)

[fe(x) = f01,05,....00(X1, X2, - - - ,xn)]

@ Statistical description
» Complete: V (t1,52,...,1,) € R",Vn

{fX(tl),X(tz),...,X(tn)(xlvx27 e 7xn)J

» OforderM:Vn <M,V (t,t2,...,t;,) ER"

[fX(tl),X(tz),...,X(tn)(xlax2’ e 7xn)]

‘‘‘‘‘‘‘‘
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Expectations of processes (statistical averages)

@ Mean of a random process
{mxo B(0) = [ sy

@ Autocorrelation function of a random process
(R, 2) = EIX(1) X(0)

o0 o0
Rx(t1,1) :/ / X1 X2 fx(n)x (1) (X1, %2) dxy dxa

NOTE: Definition for complex random processes

|Rx(n,12) = E[X(n) X*(12)]

RX(tb fz) = / / X1 x§ fX(tl),X(tz)(-xlaxZ) dxy dx;
—00 —00

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Some examples of description

@ Analytical description

(X(t) = A cos(wot) + B sin(wot)}

> A~ N(07 Ji)
» B~ N(0,02)
> A and B are independent: (fa s(a, b) = fa(a) x f3(b))

@ Statistical Description (of order 2)

1 (x1 — 12 (xp+1)%
1 e‘<17p2>< 2 2

fX(’l)aX(fz)(XDXZ) = m

—p<x1—1>(xz+1>>
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Examples | and II: mean and autocorrelation function
@ Example |

1
» Mean |mx(z) = 3

» Autocorrelation function

1 1
‘Rx(tl,tz) =1 + 3 cos(wo(t; — 1)) ’

1 1
‘Rx(t +7,8) = 2 + 3 cos(woT)

@ Example Il

» Mean {mx(t) = %cos(wot)}

» Autocorrelation function

1 1
‘Rx(ll,tz) = Z COS((JJ()(Il — 12)) + Z COS((JJ()(Il + l‘z)) ’

1 1
‘Rx(t +7,1) = a cos(woT) + I cos(wo (2t + 7)) ’
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Stationarity and cyclostationarity

@ (Strict Sense) Stationarity (SSS):V (11,12, . .., 1,), Vn, VA

> Stationarity of order M:
@ (Wide Sense) Stationarity (WSS)

Q (does not depend on 1)
Q (Rx(11.12) = Rx(t1 — 1) = Rx(7)) (defining 7 =1, — 1,)
It is also usually denoted (Rx(r + 7,7) = Rx(7))
@ (Wide Sense) Cyclostationarity (WSCS)
Q (mx(t+T,) = mx(1))
Q [Rx(t +7+T,,t+T,) =Rx(t + 1, t)] forallrand 7

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Mean and autocorrelation function: my(t), Rx(#, %) - EX. |

1.5 1 mx(t)

1

0.5
0
—0.5

Rx(t1,1)
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Mean and autocorrelation function: mx(z), Rx(#, %) - Ex. Il

my (1) ‘ ‘

Universidad

S
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Mean and autocorrelation function: my(t), Rx(#, %) - EX. |

— =01 (r=0)
—_ =0+ T (T:T])
— h=h+7n(T="n)

Hh=t+T1
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Mean and autocorrelation function: my(t), Rx(#,, %) - Ex. |l

—1‘121‘2(7':0)
— i =H+T7(T="m)
—t1:t2+7’2(7':7'2)

h=t+T1

Universidad
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Autocorrelation function: Rx(z,,1,) = Rx(t + 7,1)

@ Example |

1 KT,:),V:
0 J /\ /\ /\ .
—1

@ Example Il

— =2 (t =2+ nTy)
— t=1(t=1+nTy)
— =0 (r = nTp)

AN AN AN
JWVW*

1 Rx(t+ 7,1)

—1

—
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Random process X(7, \) = X(r) - Example lll

@ Random experiment: throwing a dice
» 6 possible outcomes

(Y& D205, 00,05, 01

@ Random process

» A signal for each possible outcome of the experiment

[x(ml) _ %, X(t, 20) = —}J

1, ifr>2
Xt de) =u(r=2) = {o ifr<2

X(l, )\4) 1—

| ~

[X(t7 As) =e | X(t, X)) = sin(m)}

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023
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Random process X(7, \) = X(r) - Example lll

— X(tA)  — X(L ) — X As) — X(n ) — X(1, %)
! ~
0.5 I
| T~
0 ‘
—0.5 4+ T~

0.5

L ()

—0.5 +

veam | sl [©OE0)

TN N N~
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Autocorrelation of stationary processes

Properties of Ry(7) for a stationary stochastic process X(7):
@ Is an even function

[Re(=7) = Re(r)]
@ The maximum value (in module) is obtained at 7 = 0

|Rx(7)| < Rx(0)

@ If for some T,, Rx(T,) = Rx(0) holds, then for every integer k
[RX(kTO) — RX(O)]

@ It is a positive semidefinite function

+oo +oo
{/ /gM&wﬂM®mmzmme

> Implication: (Sx(jw) = FT{Rx(7)} >0, Vu]

—
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Ergodicity

@ Averages for a process X(z) and a function g(x):
@ Statistical average

{E[go«r))] — [ e o dx}

— 00

This value is, in general, dependent on r.
© Time average of the function for X(z, \;)

T
.12
{< # >= i 7

Independent of ¢, but in general dependent on \;
@ The stationary process X(¢) is ergodic if V g(x) and V \; € Q

(< g0) == Elg(x())]

‘‘‘‘‘‘‘‘
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Energy and power

@ Energy of the random process X(t), Ex

{EX = E[&], & = /oo 1X (1)) dt}

—00

@ Power of the random process X(¢), Px

1 2
Px=E[Py], Py=Jim - / X(0)2 dt

(Sl

» A random process has energy if Ex < oo
» A random process is of power if 0 < Py < oo

‘‘‘‘‘‘‘‘
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Energy and power (ll)

— —00 —

{@—EUimmﬁﬂ—/mmmmmm /w

(e.9]

Rx(1,1) dt}

r

. 1 2 2
lim — |X(2)|” dt
T—oo T’ _g

= im L [ ExOE d= am L [ R
_Tlan;oT T T e T _ X

T—oo T T
2 2

Px=E

(t,1) dt

For stationary random processes |Rx(t,t) = Rx(0)

{PX — Rx(()), Ex = /OO Rx(O) dt = OO}

—00

Stationary processes of interest: POWER processes
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Multidimensional (multiple) random processes

@ Independence:
» X(r) and Y(¢) are independentif ¥ t,,t,, the random variables X(¢;) and Y(z,) are
independent
@ Uncorrelation:
» X(t) and Y(r) are uncorrelated if V t,, t,, the random variables X(z,) and Y(z,) are
uncorrelated

@ Cross-correlation function

[RX,Y(tl, n) = E[X(t1) Y*(fz)]}

» In general [Rx,y(tl,tz) = R;X(tz,tl)]
@ Joint stationarity: X(z) and Y (¢) are jointly stationary if
» Both are individually stationary
* (mx(r) = mx, Rx(t+ 7,1) = Rx(7))
* (my(t) = my, Ry(t+ T, t) = Ry(TD
> [Rx)y(l‘l,l‘z) = Rx)y(T), with 7 = ih = 1‘2]
* Alternative notation: (Rx,y (1 +7,1) = Rx,v(7))

iversdd
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Time-autocorrelation function (time-ambiguity)

@ Definition for a DETERMINISTIC function/signal x(r)
[x(t) ER = nr(t)=x() *x(—z)]

[x(z) €C = n(r) = (1) x*(—z)]

Ry(jw) = X (jw)*

time-reversed and complex conjugated signal, x*(—1)

> “Matched” signal for x(z):
* . ET v ) « ET ony:
In frequency: if x(r) <> X(jw), for the matched signal x* (—1) " X™ (jw)

@ Properties
> Symmetric function with maximum at zero

> The value at r = 0 provides the energy
1 o0
EL(0} = n(0) = 5 / 2 {s) ’

This property is evident considering the definition of energy (Parseval’s relation)
oo 2 1 oo 2
ety = [T woPa=— [T xG)P aw
— oo 27 oo

> Translation-invariant function of x(r)
(50) = 3t = 10) = () = 0]

OCW-UC3M Communications Theory
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Example

x(t) 1 A
S{x(t)}:/ (O df = AT
-3 +5 !
)1 A —) 1+ A » N
() X(=) M0 L e = st
k ==
T 0 4T 0 T 0 4Tt T 0 ATt
N A P .
() e - M0 1 s = st
sk ==
T 0 4T 0 T 0 AT T 0 ATt

veom | GiEH . (OGO
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Random processes in the frequency domain

@ Spectrum of one of the signals of the random process

{xi(t) =X(t,\) = Xi(jw) = FT{x(t)} = /OO x;(t) e dt}

» Not all signals have a Fourier transform defined
@ Definition of truncated signals of duration T

T xi(t), |t <T/2
{x’[ 1) = { 0, else J

@ The truncated signals do have the Fourier transform well defined

XMy = FT {70} = / ANy e di

—00

r
2

:/ x;(t) e dt
1

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Power Spectral Density
@ Truncated random process of duration T
x(1): Process whose signals are X!"1(z, \;) = xlm (¢) (truncated)
@ Truncated random process in the frequency domain
xIl(jw): Process whose signals are the FTs of x/" (1), i.e., X" (juw)

@ Power spectral density of X(7)

Sx (jw) 27 | T M = lim M

T—o0 T—o0 T

Representation of the mean behavior of the squared modulus of the Fourier transform of all the signals that
constitute the random process (with the “frick” of truncating to ensure the existence of said Fourier transform for all
signals, and taking the truncation length to the limit)

» Implication: (Sx(jw) >0, Vw

iversdd
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Wiener-Khinchin theorem

If for any finite value = and any interval A, of length ||, and the autocorrelation
function satisfies
< oo}

the power spectral density of X(z) is the Fourier transform of the time-average of
the autocorrelation function

[sxgw) — FT{< Ry(t +7,1) >}}

/ Rx(t + 7,t)dt
A

The time-average of the autocorelation function is

. 1 T/2
< Rx(t+ 7,1) > lim —/ Rx(t+ 7,1) dt

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Wiener-Khinchin theorem - Corollaries

@ Corollary 1: If X(¢) is a stationary random process and for all

T <O

[Sx(j) = FT {Re(7)})

Tu
/ Rx(t+7,1) dt
0

@ Corollary 2: If X(z) is cyclostationary and { < oo} then

[Sx(jw) — T {ﬁxm }}

where

~ 1
Rx(T) = F/ Rx(t 4 s t) dt
T,

o

and T, is the cyclostationarity period

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Power of a random process

@ In the frequency domain

1 [~ )

@ In the time domain
» Stationary process

[PX — R(0) Watts}

» Cyclostationary process

(PX = Rx(0) Watts}
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Stationary Random Processes and Linear Systems
X(1) Y (1)
mx, Rx(T) ?
Theorem: X(¢) is stationary, with mean my and autocorrelation function Rx(7). The process

passes through a linear time-invariant system with impulse response A(z). In this case, the input
and output processes, X(t) and Y(t), are jointly stationary, where

[ my:mx/ooh(t)dt |
Ry(T) = Rx(7) * h(T) *x h(—T) = Rx(T) * ry(T)

Ry y(7) = Rx(7) x h(—7)
\RY,X(T) = Ry,y(—=7) = Rx(7) * h(7)

Additionally [Ry(T) = Ry y(7) * h(T) = Ry x(7) * h(—T)]

©080 Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Output Process Mean

Definition of the output process by the convolution

{Y(t) = /_00 X(s) h(t —s) ds}

The mean of this process is

I
3
<
=
—
~

|
N
=
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Cross correlation Ry y(7)

Rxy(t1,t2) = E[X(t1) Y(t2)]

_ /_ " Re(tr — 5) h(ta — 5) ds
) /_OO Rx(t; —ty — u) h(—u) du
_ _°° Ry(r — u) h(—u) du

OCW-UC3M Communications Theory
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Cross correlation Ry x(7)

—00
= Rx(s = tz) ]’l(ll = S) ds
u=s-t / O = =
= Rx(u) h(T — u) du
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Autocorrelation function Ry (1)

Ry(t1,12) = E[Y(11) Y(£2)]
E[ O;X h(t; —s) ds) Y(tz)]

= /OORXY h(ty —ty — u) du
= /Oo Ry y(u) h(T — u) du

= Ry,y(7) * h(7)

= Ry(7) * h(=7) = h()

= Rx(7) * ry(7)
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Relationships in the frequency domain

X(1) , Y ()
my, Sx(fw) ?

@ Mean of the output process

Emy = My H(O)}
@ Power spectral density of the output process

(51(j) = sx(iv) |HG)F )

@ Cross spectral densities

Sxy(iw) 2 FT {Rxy(1)}

Sx,y(jw) = Sx(jw) H*(jw)
Syx(jw) = Sk y(jw) = Sx(jw) H(jw)

‘‘‘‘‘‘‘‘
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Relationships between power spectral densities

H(jw) = Sy x(jw)
Sx(jw) x § H*(jw) = Sx y(jw)
|[H(jw)|?> = Sy(jw)

Sx,y(jw) = 85 x(jw)
Sy(jW) = SX7y(].LU) H(](U)
Sy(j(x)) = Syﬂx(].u)) H*(]W)
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Discrete-time Random Processes

@ Notation:

@ Statistical averages

> Mean: (mx[n] = E [X[n]])

> Autocorrelation: (Rx[n + k,n] = E [X[n + k] X[n]])

* For complex random processes (Rx[n + k,n] = E [X[n + k] X*[n]])

@ Stationarity:

» Statistics are independent of time index n

» Mean:

> Autocorrelation: (Rx[n + k,n] = Rx[k])
@ Cyclostationarity:

» Statistics are periodical in n, with period N

» Mean: [mx[n +N| = mx[n]]

» Autocorrelation: (Rx[n + k + N,n+ N] = Rx[n + k,n])

‘‘‘‘‘‘‘‘
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Discrete-time Random Processes - Spectrum and Power

@ Power spectral density
» Stationary processes

[Sx(e) = FT (R}

» Cyclostationary processes

Sx(e) = FT {Rx[k]}, Rx[k]= zlv > Rx[n+ k,n]

» Power

—T

i } R X i
Py = 1/ Sx(¢¥) dw = ~X[0], [n] statlonary
27 Rx[0], X[n] cyclostationary

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Discrete-time Random Processes : Linear Systems

@ Average output process
{my =my Y _hln] = my H(ejO)J

@ Autocorrelation of the output process
[Ry[k] — Ru[K] * hlk] * h[—K] = Ry[A] * rh[k]}

@ Power spectral density of the output process
[sy(efW) = Sx(e”) |H(JW)|2]

@ Cross statistics

[RX,Y[k] — R[] + h[—k]j

[Sur(e”) = Sx(e) H'(e)]
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Addition of jointly stationary random processes

@ Sum of jointly stationary processes X(¢

) and Y(t

» Mean of Z(7) mz(?)

) [20)
= E[Z(1r)] = E[X(z ) +Y(1)]
= E[X(t)] +E[Y(l)] =my +my = my

» Autocorrelation function of Z(r)

-

Ry (t

+7,1) =E[Z(t + T) Z(1)]
=E[X(t+7)+Y(t+ 7)) (X(1) + Y(1))]
E[X(IJFT) X(O]+EX@E+71) Y1)
E[Y(t+7) X0+ E[Y(r+7) Y(2)]

—Rx( ) + Rxy () + Ry x(7) + Ry(7)
:RX(T) +Ry(7‘) + Rx,y(T) + Ry)x(T)

= Rz(’T)

/

* Random process Z(r) is stationary
» Power spectral density of Z(z)

Sz(jw)
=Sx(jw) + Sy(jw) + 2 Re[Sx,y (jw)]

=Sx(jw) + Sy(jw) + Sx v (jw) + Sy x (jw)

OCW-UC3M Communications Theory
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Sum of Random Processes - Uncorrelated

@ Ratio (covariance / correlation) for jointly stationary processes
Cov(X(t+7),Y(2)) =E[(X(t + 7) — mx) (Y(t) — my)]
=E[X(t+7) Y(t)] —my E[X(t+ 7)]

Rx,y(T) my
— my E[Y(l‘)] +my my
——

my

=Ry y(T) — mx my

@ Uncorrelated processes:
{ By definition : Cov(X(z+ 7),Y(r)) =0, VT}

Consequence : Ry y(7) = mx my

» If at least one of the (uncorrelated) processes has a zero mean
Rz(7) = Rx(7) + Ry(7)
Sz(jw) = Sx(jw) + Sy (jw)

v * Usual case of sum of signal and noise: uncorrelation, noise with zero mean
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Gaussian processes
@ Definition: X () is a Gaussian process if for all n and all , the joint
distribution of RV’s is a (Multivariate Normal (Gaussian) distribution)
@ Properties of Gaussian processes

» |mx(7) y Rx(t1,1)] : full statistical description of X(¢)

* Vector of means and matrix of covariances:
- [For X(t), = pi = mx(tiD
- (X(6), X (1), = Cij =Cov(X(1)),X(1))=Rx (1, ;) — mx(t}) mx (1))
» Strict sense and wide sense stationarity are equivalent
» If X(¢) is a zero mean stationary process, a sufficient condition for ergodicity is

{ | v < oo}

» If X(¢) passes through a linear and time invariant system:
* (The output process Y(¢) is Gaussian)
* (X(z) and Y (1) are jointly Gaussian)

—
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Jointly-Gaussian stochastic processes

@ Definition: The processes X(¢) and Y (¢) are jointly Gaussian, if for all n, m,

and all and ({r,7,...,7a}), the joint distribution of the

following random variables
[{X(Il),X(tz), LX), Y(), Y(7), . Y(Tm)}j

is a [Multivariate Normal (Gaussian) distribution] (of dimension n + m)

@ Property: For joint Gaussian processes, incorrelation and independence are
equivalent

‘‘‘‘‘‘‘‘
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White process (stationary)

@ A process is white if its power spectral density is constant for all frequencies

Sx (jw)
Sy(jw) = C - <

» Consequences
* Autocorrelation function of a stationary white process

R(r) = TF1{C} = C 6(r) Ru(7) + c

1 T

* The power of a white process is infinite

1 [ L[~
Py = 7/ Sx (jw) dw = —/ C dw = oo Watts.
21 J_ o 21 J_ o

(X(t) stationary : Px = Rx(0) = C 6(0) = oo Watts.}

—
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Filtering a white process

X(1) a— Y(1)
n(r) %L H(jw)
Sx(jw) = C, Rx(7) = C 6(7) ;J Sy (jw), Ry (7)?

@ Power spectral density at the filter output (Y (7))
[Sv(jw) = Sx(w) |HGw) P = € |H(w)P]

» In general the process Y () is not white
* |H(jw)| is constant only for an all-pass system: atenuator or amplifier

@ Autocorrelation function
[RY(T) — Ru(7) * h(7) % h(—7) = Rx(7) % ra(7) = C rh(T)}

@ Power

T T
Py = 7/ Sp(iw) dw = C — / |H(jw)2 dw, Py = Ry(0) = C ra(0)
27 J o 27 J_ o

» As by definition [2; /oo |H(jw)|? dw = E{h(t)} = rh(O)}

[Py — C &{h(1)} Watts]

‘‘‘‘‘‘‘‘
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Thermal noise

@ Gaussian statistics

@ Power spectral density of thermal noise (quantum mechanics)

Su(jw) =

hw
47r(ezi'ﬁ —1)

h: Planck’s constant (6.6x10~3* Joules x second)

k: Boltzmann’s constant (1.38 x10~2% Joules/®Kelvin)

S (je)

where : .
T: Temperature in Kelvin degrees
w: Frequency in rad/s
% Sn(jw) %
/0,8%77 08% T
0.64 0.64 +
0.44 0.44 4
02% ﬁ (GHz) OQ%‘ T
—2000— 1500— 1000 —500 500 1000 1500 2000 —200 —150 —100 —50
v | €571 [0 Marcelino Lézaro, 2023 OCW-UC3M Communications Theory
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Thermal noise model

@ Stochastic process n(t)
» White, Gaussian, stationary and ergodic
» Zero mean (m, = 0)
» Autocorrelation function

k() =%om) 7 +N0/2

T

» Power spectral density
Sn (]w) N()/2

Sq(jw) = %

@ Value of the constant N, (N, = k T Watts/Hz)

o0

1
@ Power (P, = 5 Sn(jw) dw = R,(0) = oo}
T J—c

‘‘‘‘‘‘‘‘
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Thermal noise power at the output of ideal filters

@ Ideal filters with bandwidth B Hz (or W = 27 B rad/s): low-pass or band-pass filter
with center frequency f. Hz (or w. = 27f, rad/s)

H(jw) H(jw)

W =2nB W =27B
L e—) |
T w 1 1 w
W +w —We +we
Low Pass Filter Bandpass filter (center frequency w. rad/s)

@ Filter output process

{ Process Z(t) with Sz (jw) = % \H(iw)lzJ

@ Filter output power

1 [ No 1 [*
Pr=o | Siljw) dw = -0 / |H(jw)|* dw = Ny B Watts
T T J o

E{n(r)}=2B
‘‘‘‘‘‘‘‘
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Thermal noise power at the output of ideal filters with gain

@ |deal filters (low pass/band pass) of bandwidth B Hz (or W = 27B rad/s) and with
power gain G (voltage gain v/G)
Hiw) H(jw)

W =27B
\/“ =27B E a
1 C
I w T f T w
W +W —We +we
Low Pass Filter Bandpass filter (center frequency w,. rad/s)

@ Filter output process

[ Process Z(t) with Sz (jw) = % IH(jw)IZJ

@ Filter output power

L[>~ No 1 g
P; = — S (jw) dw = — — |H(]w)| dw = Ny B G Watts
27 2 2w

E{h(t)}=2BG
‘‘‘‘‘‘‘‘
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Noise-Equivalent Bandwidth

@ Noise at the output of a linear system
» System response: h(t JH(]w

[ Process Z(t) with Sz(jw) = % IH(iw)|2J

@ Noise power at the output of the linear system

| No 1
PZ % Sz(](.O) dw = 0

E{n(n}

S /- G d

@ Noise power as a function of the noise-equivalent bandwidth
EPZ = Ny B,y Gy Watts}

» B.,: Noise-equivalent bandwidth
» G.,: Equivalent power gain

‘‘‘‘‘‘‘‘
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Noise-Equivalent Bandwidth - Identification

@ Definition: ,W|th ( max = Max ]H(;w)\}

@ I|dentification of the value of B,

{Beq _ E{h} HZ}

2G.,

[5{;1 )} = / (O dt = —/ | (je) 2 dw J

@ Interpretation: An ideal linear system, of bandwidth B,, and amplitude H,ux (1/Geq)
has the same noise power at the output than the filter i(z)

/

‘ 2w ‘Beq w

H(jw)

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Signal to Noise Ratio (SNR): need for noise filtering

@ Approach

» Signal to be transmitted: process X(r), with power Py
» Additive noise: thermal noise model n(r)

» Filter (usually on the receiver): responses h(t) and H(jw)
* Signal at the output of the receiver filter: process Y(z)
* Noise at the output of the receiver filter: process Z(z)

X(t) + n(t) YO FZ0) v = X(0) k)
’ Z(t) = n(t) % h

@ Unfiltered signal-to-noise ratio

in

S Px S
N

m

(dB) = 101og, % dB

-

== =
@ Signal-to-noise ratio at the filter output

_FZ’ -

out

S Py S
N

out

(dB) = 1010g,o =~ dB}
Pz
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Signal to Noise Ratio (SNR): need for noise filtering (ll)

@ Signal to noise ratio before filtering
S PX PX S PX
N . Pn s 0, N . (d ) 0 Oglo Pn o0 d J

Filtering is necessary to limit the power of thermal noise !!!
@ Signal-to-noise ratio at the filter output
‘ S| Py

S
N\, Pz N|,

> Signal power: EDY—/ Sy (jw) dw = 7/ Sx(jw) |H (jw)? d‘*’}

> Noise power: EDZ = [ Sl oy = % 2i/ IH () dw = Y0 E{h(t)}]

* |deal filters (without gain | with gain)
[PZ:NOB | PZ:NOBG]

* Filter with noise-equivalent bandwidth B,, Hz and gain G,

—
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Log scale: decibels

@ Relationship between quantities (relative measure, dimensionless)
» Logarithmic scale to jointly visualize quantities with very different values from each other

1000 +3dB

+2d8 Log ?cale
. 0og
Linear Scale +1d8 10
0dB
0
—1dB
100
10 1 0.1 0.01 0.001 \—‘m‘_‘

0 —3dB

Py
dB =10 I —
0810 P,
* Relationship of voltages or currents

v 1
[dB =20 log;y—  dB =20 log, ‘}
Va 143

> Examples
* Power ratio

* Representation of the frequency response of a system
(9B = 20 log o [H ()| = 10 logyg [H ()P

v | 5131 [0
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Properties of the logarithmic representation
@ Reverse operation

Py Vil [P1 aB Vi aB
dB =10 1 — dB =20 1 —| |— =10 — =102
[ 0810 P, 0819 VJ [Pz 10 v }

@ Products in linear scale become sums in dB
[A X B & IOlOglo(A X B) — IOIOgloA + IOIOgloB =da dB + b dB]

B
@ Doubling/dividing by two, in linear, is equivalent to
» Add/subtract 3 dB (101log;, 2)
» Add/subtract 6 dB (201og;, 2)
@ Multiply/divide by 10, in linear, is equivalent to

» Add/subtract 10 dB (101og,, 10)
» Add/subtract 20 dB (201og;,, 20)

A A
[ < 1010g10 E = IOIOgloA — IOIOgIOB =d dB —b dB}
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Units based on decibel

@ Measure of the relative difference with respect to a reference unit
» Example: Sound intensity (ref.: hearing threshold, 1 pW/m?)

_ P, Py
[dBS| =10 loglo FO =10 loglo 10_12}

* Reference: 0 dBg are equivalent to an intensity equal to the hearing threshold

@ Other logarithmic units
» dBW: reference 1 W (power)
» dBm: reference 1 mW (power)
dBu: reference \@ = 0.7746 V (voltage)
* |t is the voltage that applied to an impedance of 600 €2 develops a power of 1 mW
dBc: takes as reference the value of the carrier (to measure the value of its harmonics)

dBgpy : reference sound pressure level

* In the air: 10 uPa
* Inwater: 1 uPa

» dBl: takes an isotropic antenna as reference

v

\4

v
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