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Analog vs digital communications systems

@ Analog communications system
» Designed to send the information encoded in a continuous waveform

S Ll L

@ Digital communications system

» Designed to send the information encoded in a sequence of symbols
* Finite alphabet: M possible values
* Most common example: Bits (M = 2): {0, 1}
- Information: (0110001101110011010101110010011010...)
» Transmission at a given rate (symbol rate): R, symbols/s
*  One symbol is transmitted every T = R% seconds
» Symbols must be converted into electrical signals for transmission

* Digital Modulation: Each symbol is associated with a waveform
* Simplest case: waveforms with length 7 = R—ls seconds

@ Preponderance of digital communications systems
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Digital modulation - Bits-to-signal conversion
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Symbols : vehicles for bit transportation
e Symbol: block of m bits O 1

* M-ary systems (with M = 2™) { & \
{ 00 01 11 10

‘‘‘‘‘‘‘‘
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Digital modulation - Simplest example

@ A block of m bits (symbol) is associated to a voltage level
> M-ary system (with M = 2 possible symbols)

BINARY SYSTEM (m = 1, M = 2) 4-ARY SYSTEM (m = 2, M = 4)
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Advantages of digital systems
@ Regeneration capability
@ Existence of techniques for error detection and correction

@ Channel distortion can be compensated (equalization)
» Much easier than in analog systems

@ Information can be easily encrypted

For multiplex/medium access, COM/CDMA and TDM/TDMA can be used (as well as
FDM/FDMA)

@ Information format is independent of the nature of information (voice, data, TV, etc.)
» Nature of information: transmission rate (symbols/s, bits/s)

@ In general, circuits are

» More reliable
» Cheaper

‘‘‘‘‘‘‘‘ » More flexible (programmable)
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Distortion in analog signals

@ There always exists some distortion during transmission
» The received signal is different from the transmitted signal
» Design: to minimize the distortion (maximum fidelity)

@ Re-transmission: distortions are accumulated

TRANSMITTED SIGNAL RECEIVED SIGNAL(1)

RECEIVED SIGNAL(2) ECEIVED SIGNAL(3)
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Digital regeneration

BIT ENCODING - Binary system using squared pulses
1 = High level
0 = Low level

TRANSMITTED DIGITAL SIGNAL RECEIVED DISTORTED SIGNAL

ojtjo0j1 1 110

O T 27 3T 4T ST 6 77T 0 T 2T 3T 4T ST 6T 1T

IDENTIFICATION OF EACH SYMBOL REGENERATED SIGNAL
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Disadvantages of digital systems

@ Need for synchronism
» Identification of the interval for each symbol
@ Higher bandwidth
» Lower as compression techniques improve
@ Many information sources are analog in nature
» A/D conversion
* Sampling
* Quantization — Quantization error
» D/A conversion
* Interpolation
* Low pass filtering
A/D and D/A are based on the Nyquist sampling theorem (also known as Nyquist-Shannon or

Whittaker-Nyquist-Kotelnikov-Shannon theorem)

—
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Analog to digital (A/D) conversion

@ Analog sources: continuous amplitude, continuous time

@ Analog to digital (A/D) conversion:
» Discrete time : Sampling at rate f; samples/s

» Discrete amplitudes: Quantization with » bits/sample
* Quantification noise: only 2" quantification levels
- Difference between sampled value and quantified value
* Lower as n increases

> Binary rate (bits/s): (R, (bits/s) = f; (samples/s) x n (bits/sample))
Digital Voice: 64 kbits/s (B = 4 kHz, f; = 2B = 8000 samples/s, n = 8 bits/sample)
@ Digital to analog (D/A) conversion:
» Conversion of bits to samples (quantized)

» Reconstruction of the signal from samples (quantized)
* Interpolation with impulses + low pass filtering

xi(t) = xgn] 8(t = nTy) = x,(t) = x;(t) = hypre (1)

() = zn:xq[n] i (t T’”“)

s
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A/D conversion: Sampling + Quantification

veom | GiEH (OGO
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D/A Conversion: Interpolation with impulses + Filtering
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D/A Conversion: Interpolation with sincs at 7 s
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Equivalence of both options

@ Sampling at T, : Sampling frequency

1 2 .
{stzzBHz (wsz%:2Wrad/s) with W = 27B
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Digital Transmitter/Receiver - Basic functional blocks

@ Digital transmitter

Source  |Bil1[  Channel Bb [€] Digital s(1)
Interleaver
Encoder Encoder Modulator

To channel

» Digital modulator: Transmission of a sequence of symbols (typically bits, B;[¢])
through an analog communication channel (electromagnetic signal s(z))

@ Digital receiver

r(1) Digital By} Deinter- |Bilml( Channel | Bl [ Source
Demodulator leaver Decoder Decoder

From channel

» Digital demodulador: Recovery of the symbol sequence (bits, B,[¢]) from signal
received through channel, r(z)
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Source and channel coding

@ Source coding
» Reduction of redundancy (compression)
» Lower binary data rate requirements for transmission
» Examples: MPEG or DivX (video), MP3 or OGG (audio), ZIP or RAR (files),...

@ Channel coding
» Error detection and/or correction
» Introduction of redundancy (structured)
» Capability of detection/correction depends on complexity
» Simplest example: repetition code
* Repetition code of order 1: 0 - 00 1 — 11
- Detects 1 error over a two-bits block

* Repetition code of order 2: 0 — 000 1 — 111
- Detects 2 errors or corrects 1 error (correction based on majority decision) over

a three-bits block
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Interleaving

@ Protection for burst errors
» In combination with channel encoder
@ Re-arrangement of data in a non-contiguous way
» Goal: to transform burst error in several isolated errors
* Channel decoder deals with relatively few errors per block
@ Kinds of interleavers

» Block interleavers
» Convolutional interleavers
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Interleaving - One example (block interleaver)

Uncoded Data Channel Code
101110 Repetition code (order 2)
Coded Data Interleaved data
111000111111111000 110111OT01110‘101110
Transmission De-interleaved data
101 110101 1/10 101 110 11[1]ooo]11[1]11[1]1[1]1 0olo
Burst of errors Isolated errors
1111
1 0] 1 1 1 0 Block interleaver (1) (1) (1)
101 (1]1]0 Data input: per column T
1101 |1]1]0 Data output: per row T3
000
Interleaver De-interleaver

N, X N,

—
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Design of a communication system

@ Factors to consider in the design
» Existing technologies
» Cost
» Quality (performance)
* Analog system: fidelity — signal-to-noise ratio (S/N)
* Digital system: bit error rate (BER)
» Resource consumption
* Power (energy)
- Physical limitations
- Administrative limitations
- Economic limitations
* Bandwidth
- Same type of limitations
@ Fundamental objective of this chapter:
» Design of digital modulators/demodulators considering the trade-off between
performance and consumption of resources
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Digital modulator - Conversion of bits (B,[(]) into a signal

B[] Digital s(1)
Bits Modulator | Signal
@ Transmission of a sequence of bits B,[¢] at rate R, = Tib bits/s
» Conversion into an electrical signal s(r)
@ Block-wise bit transmission - Sequence of symbols
» Segmentation of sequence B, [¢] in blocks of m bits
» Each block of m bits is a symbol
* 1 symbol = m bits
» Sequence of symbols Bln]
* Alphabet of possible symbols: M = 2™ symbols: B[n] € {b;};"

* Symbol rate R, = 1 symbols/s (bauds)
* Relationship between rates R, / Rs: Ry, = m X Ry (or T = m x T},)

» Transmission of a symbol (block of m bits) each T seg.
@ Simplest conversion of symbols into a signal s()
» Piecewise generation: “pieces” of T seconds (corresponding to 1 symbol)

* Symbol interval for B[n]: interval (nT <1< (n+ 1)T
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Symbol-to-signal conversion - Simplest model

@ Initially, the case of the first symbol is studied
» B=B[0]
» Symbol interval:
@ Symbol-to-signal conversion
> Alphabet of M possible symbols: (B € {bo, b1, ,by—1})
» Definition of M waveforms of duration T seconds
E{so(t),sl(t), <o ysy—1(0)}, definedin 0 <7 < T]

» Symbol <> waveform association: (b; <> si(¢)
» Generation of the signal to be transmitted
* (If B = b; then s(1) = si(1))
@ Transmission of the symbol B[x]
> Symbol interval: (nT << (n+ 1)T)
» Symbol value: B[n] = b;
* The waveform associated to b; is shifted to the symbol interval
[If Bln] = b; then s(r) = 5;(t — nT), innT <1< (n+ 1)Tj

‘‘‘‘‘‘‘‘
veom | Gofesi OO VMarcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Introduction 22/185




Example A-M =4

@ Number of bits per symbol: m = 2 — M = 4 symbols
@ Symbols: by = 00, by = 01, b, = 10, b3 = 11
@ Selected signals (defined in 0 < ¢ < T)

3 so(t) 134 s1(1) 3 $2(1) +3 s3(1)

+1 +1 — +1 T +1 T
—1 1 T t —1+ T t —1 r —1 1,
-3 1 -3 1 -3 -3

@ Binary sequence: B,[¢] = 011110001101 - - -

@ Symbol sequence:
» Segmentation of B,[¢]: 01 | 111000 | 11 |01 | ---
> Sequence B[n] = by | b3 | ba | bo | b3 | b1 ]| ---

@ Transmitted signal

> Generation by intervals: s(t) = {s1(¢t) | s3(t = T) | s2(t — 2T) | so(t — 3T) | s3(t —4T) | s, (t = 5T) | ---}
+3 1
+1
11 ]
3|
Uiversdad T 2T 3T 4T 5T 6T
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Example B-M =4

@ Number of bits per symbol: m = 2 — M = 4 symbols
@ Symbols: by = 00, by = 01, b, = 10, b3 = 11
@ Selected signals (defined in 0 < ¢ < T)

s(1) 12\ O

+2

+1 +1

—1 -1 T t
-2 -2

@ Binary sequence: B,[¢] = 011110001101 - - -

@ Symbol sequence:
» Segmentation of B,[¢]: 01 | 111000 | 11 |01 | ---
> Sequence B[n] = by | b3 | ba | bo | b3 | b1 ]| ---
@ Transmitted signal
> Generation by intervals: s(r) = {s1(¢) | s3(t = T) | s2(t — 2T) | so(t — 3T) | s3(t —4T) | s;(t = 5T) | ---}

N N NN \ /|
1 \/ / \ VAR

T 2T 3T 4T 5T 6T
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ExampleC-M =4

@ Number of bits per symbol: m = 2 — M = 4 symbols
@ Symbols: by = 00, by = 01, b, = 10, b3 = 11
@ Selected signals (defined in 0 < ¢ < T)

IO o510 4o 1 520 1
+1 y\ T+l +1 T+l %
1 JL» \/ 114 T t _ | o M T 1t
-2 -2 4 -2 -2

@ Binary sequence: B,[¢] = 011110001101 - - -

@ Symbol sequence:
» Segmentation of B,[¢]: 01 | 111000 | 11 |01 | ---
> Sequence B[n] = by | b3 | ba | bo | b3 | b1 ]| ---

@ Transmitted signal

> Generation by intervals: s(t) = {s1(¢) | s3(t = T) | s2(t — 27T) | so(t — 3T) | s3(t —4T) | s, (t = 5T) | ---}
+2
+1
4 t
_2
Uiversdad T 2T 3T 4T 5T 6T
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Transmission through the channel

@ Transmitted vs received signals (channel input/channel output): s(z) vs r(z)
» The signal is distorted during transmission
» The received signal does not match the transmitted signal: (r(7) # s(¢)

@ Channel model - Considered distortion effects
» Linear distortion

* Model: linear and time-invariant system: |h(z) HH(jw)

» Thermal noise
* Model: random process n(t) stationary, ergodic, white, Gaussian, with power
spectral density S,(r) = %, where Ny = k x T(°K)

s(1) su(t) r(1)

n(1)

» Received signal

[r(t) — s(t) * h(1) + n(t)]
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Digital demodulator

r(1) Digital Byl
Signal | Demodulator | Bits
@ Recovery of the bits B,[¢] from the received signal r(z)

» The signal is distorted during transmission: (r(z) # s(¢)

@ Processing of r(r) to recover the transmitted bits
» Piecewise processing: partition into symbol intervals
» Estimate of the symbol (m bits) transmitted in each interval

@ Estimate of the n-th symbol: (B[]
» Observation of the signal in the n-th symbol interval

[r(t) innT <1< (n+ 1)@

» Comparison of the signal to the M possible waveforms
[If the “closest match” is s;(t), then Bln] = bj]
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Example A-M =4

@ Symbols: by = 00, b; = 01, b, = 10, b3 = 11 and associated signals

13 2000 1300 134 20) 134 9300

+1 +l — +1 T +1 T
-1y T t —ly T t —1 ro—1 —
-3 -3 -3 -3

@ Received signal

+3
_3 i

T 2 3T 4T 5T 6T

@ Symbol detection

> Segmentation of the signal in symbol intervals
* 5 =0, interval 0 <t < T - “most similar” signal: s, (r) — B[0] = b,
* n=1,interval T < t < 2T - “most similar” signal: s3(t) — B[1] = b3
* Following the same process: B[2] = by, B[3] = by, B[4] = b3, B[5] = b,
@ Decided sequences: Bln] = by |bs|ba|bg|bs|b1| - -+ = B,[¢]: 01]11]10[00[1101] - -

v | €571 [0
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Example B-M =4

@ Symbols: by = 00, by = 01, by = 10, b3 = 11 and associated signals

+2 S()(t) +2 S1 (t) +2 Sz(t +2 53 (I)

+1 +1 +1 +1

1 1 T t _3 —1 T t
-2 -2 -2 -2

@ Received signal

+2
+1

@ Symbol detection

> Segmentation of the signal in symbol intervals
* n=0,interval 0 <t < T - “most similar” signal: s (r) — B[0] = b,
* n=1,interval T <r < 2T - “most similar” signal: s3(r) — B[1] = b3
* Following the same process: B[2] = by, B[3] = by, B[4] = b3, B[5] = b,
@ Decided sequences: Bln] = by |bs|ba|bo|bs|b1| - -+ = B,[¢]: 01]11]10[00[11]01]- - -
veom | Cafee
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ExampleC-M =4

@ Symbols: by = 00, by = 01, by = 10, b3 = 11 and associated signals
so ()

I 0 o 20 0

+1 V‘\ r +1] +1 T+l { /\
—1 JJ: \/ t 11 T t -1 | t -1 M T t
-2 -2 4 -2 -2

@ Received signal

) | | ) | |
+1

1 t
—2 1

3T | ar ST 6T

@ Symbol detection

> Segmentation of the signal in symbol intervals
* n=0,interval 0 <t < T - “most similar” signal: s (r) — B[0] = b,
* n=1,interval T <r < 2T - “most similar” signal: s3(r) — B[1] = b3
* Following the same process: B[2] = by, B[3] = by, B[4] = b3, B[5] = b,
@ Decided sequences: Bln] = by |bs|bs |bo|bs|b1| - -+ = By[¢]: 01]11]10[00[11]01]- - -
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Selection of the M7 waveforms - Factors to consider

@ Performance: probability of making a mistake in the receiver (P,)
» Decision: most similar signal - P, depends on the “similarity” between signals
» Measure of “similarity” (distance): energy of the difference (square root)

d(si(0), 51(6)) = VED) — 5 0)} = \/ / " Isie) — se0) i

* Reduce errors: increase the distance between signals
@ Power of the transmitted signal
» The energy of the transmitted signal is limited in practice
» Quantification: average energy per transmitted symbol (E;)
* Probability of each symbol: pg(b;) = P(B[n]| = b;)
* Energy of symbol b; = energy of signal s;(¢)
* Average energy per symbol' average of the energy of the M symbols

— 00

E, = ZpB x E{si(1)}, where E{s;(1)} = /Oo |si(1)? dt}
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Selection of the M waveforms - Factors to consider (ll)

© Channel adaptation (considering x(t))
» Minimize the distortion suffered by the signal in the transmission:

[r(z) — s(£) % h(r) + n(z)}

» Ideal situation: linear distortion introduced by channel is null
* Noise is the only element of distortion:

(1) = 5(0) + (1)

* |s achieved if:

( i(2) * h(t) JS(]w ) X H(jw) = S,-(jw)}
fori=0,1,--- ,M—1

@ Marcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Introduction 32/185




Scaling: more distance, more energy

+30

+10

—10 +

—30 +
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Frequency response of signals
@ Rectangular pulse of duration T seconds

1i(jew)

] >

]
T T T

—2z 0 + w (rad/s)

» Signals suitable for transmission on channels with “good response” at low frequencies

@ Sinusoids (sine/cosine) with w, = 27” rad/s (one cycle in T seconds)
1Si (jew)]

21 27
-5 0 +5 w (rad/s)

» Signals suitable for transmission on channels with “good response” around the
frequency 2= radians/s
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Convenience of a vector representation of the signals

@ Digital modulator design

» Selection of the M signals that allow each block of m bits to be transmitted,
considering

* Similarity (or difference)
* Energy
* Channel adaptation
@ Considering all together the 3 factors is a difficult problem
» Simplified by using a vector representation of the signals
* A signal can be represented as a vector in a Hilbert space

@ Vectorial representation of the signals

» It facilitates the calculation of the energy of each signal

» It makes it easier to calculate the “similarity/difference” between signals

» It allows to isolate these 2 factors from the adequacy of the signals to the
channel

‘‘‘‘‘‘‘‘
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Geometric representation of signals - Vector spaces

A vector space (V) is a set of elements (vectors) that have the following properties:

@ Law of internal composition: sum (+)

[x, y, € V, addition operation: x +y € V]

which must satisfy the following properties

a) Commutative: Vx,y €V x+y=y+x
b) Associative: Vx,y,z €V (x+ (y+2) = (x+y) +12
c) Existence of neutral element (null or zero vector)

[EOEV:VXEV | X+0:0+X:x]

d) Existence of inverse element
[VXEV, 3(-x) | x+(-x) :0]

‘‘‘‘‘‘‘‘
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Vector spaces (ll)

@ Law of external composition: product (x) with scalars (C)

[a € C, x € V, product operation: a x x € V}

which must satisfy the following properties
a) Associative:

[Va,ﬂe(C;Ver; ax(ﬂxx):(axﬁ)xxj

b) Neutral element (existence):
[Elnee(C:VXGV; neXXZX}

* Typically

c) Distributive with respect to sum:
[VaeC;Vx,er; ax(x—}—y):axx—i—axy}

d) Distributive with respect to the product with a scalar:
[Va,ﬁGC;VXEV; (a—}—ﬁ)xx:axx—kﬁxx}

—
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Hilbert spaces

@ Hilbert space’
» Vector space with an inner product (aka: dot or scalar product)

[Notation: (x,y) - Operationf : (V,V) — CJ

@ Properties of the inner product operation

a) ((x,y) = (y,x)"

b) (((a x x+ B xy),2) = a x (x,2) + 8 x (y,2))
c) [(x, X) > 0]
d) ({x,x) =0 < x = 0) (zero vector)
@ The inner product defines a norm for the vector space

(Ixl = Vx|

[1x[[* = (x,%)

1 Strictly speaking, the inner product must induce a distance such that the space has the Cauchy completion property. In other case, the space is a pre-Hilbert
space.
Ueivarsiod
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Norm for vector space

@ Measure of distance between vectors

(d(x,y) = |x - yll]

@ Angle between two vectors

[Re{(x.)} = Il IIyll cos(6))

6 = COsfl <M)
[Ix[ []y]]
@ Cauchy-Schwarz inequality
x| < Ixll [31]~ (equality: y = a x x) |

@ The definition of the inner product is not unique
» Each definition gives rise to a different Hilbert space

‘‘‘‘‘‘‘‘
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Hilbert space for continuous-time energy signals (L, space)

@ Scalar product that defines the space L,

@mwz/fxmy%om

0

@ Norm induced by this scalar product

[Ix]] = v/ (x,%) = \/ (D dt = v/E{x(0)}

@ Distance between two signals

@y-—W—yW—¢/ (O di = VERL) (0}
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Hilbert space for discrete-time energy signals (¢, space)

@ Inner product that defines the space ¢,
{<X,y> = ) ] y*[ﬂ]}

@ Norm induced by this scalar product

Ixll = Vix,x) = | > k]2 = Efxl]}

n=—0o0o

@ Distance: Euclidean distance

d(x,y) = XY_J > Ixlnl - E{xn] — yln]}

n=—0o0
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Cauchy-Schwarz inequality
@ Cauchy-Schwarz inequality

(16c3)1 < Il Tl

@ Expressions for the energy signal spaces L, and ¢,

[t v s

< J > xWJ > P

n=—0o0o n=—00

n=—00

@ Equality holds if the two vectors are linearly dependent (proportional)

[y:ozxx, foranyae(C]

» Particulation for energy signal spaces L, and ¢,
[y(t) — a x x(1) o y[n] = a x x[n]]
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Representation in a basis of the vector space

@ Basis for a Hilbert space H of dimension D: subset of D vectors
[{QZ)O? ¢l7 o 3¢D71} € HJ

» Allow to represent any vector in the space as a linear combination of them

* D unique coefficients ¢,(x) (n € {0,1,--- ,D — 1}) for each x € H (coordinates )
@ Orthogonal basis:

(60 0m) =0, Vi £ m]
@ Orthonormal basis: orthogonal base with normalized elements
({6 6m) =0, ¥ £ mand also (6,,6,) = 1 = ||dll = 1]

» Coefficients in an orthonormal basis:
cn(X) = (X, ¢p)
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Gram-Schmidt orthogonalization procedure
@ Objective (general)
» To find an orthonormal basis that allows representing a set of vectors
@ Objective (particular)
» To find an orthonormal basis that allows representing a set of M signals
* Signals (M)

[{S,’(t) ?161 = {So(t),sl(l‘), T 7SM71(I)}}
* Orthonormal basis - N signals (dimension N) - N <M

{BORS' = {600,010, o1 ()}

Properties of the elements of the basis Vector representation of s;(r)

0, ifk#j
[dy(t) 0 / 8,(1) S (1) {17 =l k]J
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Obtaining the basis

@ Step 0: Choose sy(¢) with non-zero energy

{%(r) — % & = E{so()} : Energy of So(t)J
@ Step 1
» Projection of s; () onto ¢o(7)
{al,o — (10,00} = [ 510 6500 dr}

» Orthogonalization - This projection is subtracted

[a’l (1) =s1(t) —aip ¢o(f)]

» Normalization

{(ﬁl([) =— E =&{d(t)} = /_OO |d; (t)|2 dt}
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Obtaining the basis (Il)

@ Stepk

» Projection of si(¢) over [{qﬁo(t), o1(t), - ,qsk,l(t)}] , the already available
elements of the basis

{ak‘,- = <Sk(l‘),¢j(l)> = /oo si(2) qu*(l) dt, j=0,1,--- [k — ]}

—00

» Orthogonalization - Subtraction of projections

k—1
di(t) = si(1) = ) anj 4(0)
j=0

* It (d(t) = 0] : (A new element in the basis is not necessary to represent s;(t))
» Normalization

{mm - "jfg f = ela) = [ laoP dr}
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Example: Gram-Schmidt - Signals

SQ(Z)

+1
1 2 3
_] .
52(t)
+1+
1 2 3
—1

—
veom | GofeSi OB Marcelino Lézaro, 2023 OCW-UC3M Communications Theory
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Example: Gram-Schmidt - Step 0

s0(7) o(t)
+1 +
; ; t } } t
1 2 3 | 1 2 3
=y v
[so(r)[?
o0
‘ & =E{so(1)} = [so(1)|* dt = 2 ’
— 00 | Il t
12 3
—1 +

V& V2
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Example: Gram-Schmidt - Step 1

51(0) #o(t) #1(t)
s + 3
t t t
-1 V2T 2"
s1(t) x @5 (1)
oo . +%
{al,o — (s1(0.60(0) = [ s1(6) x 8500 dt = o} ,
= ] | 4 3
-5
|di (1) |?
) +1
{dl (l) =9 (t) —apo ¢0(t) =9 (t) 51 = g{dl (t)} = / ‘dl (l)|2 dt = 2} ‘ L,
— 12 3
14
d; (t) Sl(t)
1) = = =N/
MDGC - Vector spaces 49/185
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Example: Gram-Schmidt - Step 2

52(1) ¢o(1) #1(1) 0)

1
B R &
2 3 e 1 2 3 0 3 3
=i Vi v

a

Y2 1) X g (1) Vz(’) X @1 (1)
7T I—l +5 1

u + t + ¥ + t
1 2 3 e 1 3
- _| J

{02,0 = (s2(1), ¢o(t)) = /00 s2(1) x ¢ (1) dt 0}
{42,1 = (s2(1),91(2)) = /_oo 2 (1) x 97 (2) \/5} 0 6 0F

[dz(l) = s52(t) —az0 ¢o(t) —az1 ¢1(2)

[sz — (0} = [l ar= 1} palr) = 20

@ Marcelino Lazaro, 2023
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Example: Gram-Schmidt - Step 3

210)

+1
4 t
3 1 2 3
—1

50 l¢o(f) ]¢|(f)
+1 t t7
1, :L ,
2 3 s 1 2 3 L
-1 + 2 V2
) X ¢o(t) dt =2

8

{030—@3 ; o(t) :/00

5(1) G (1)
+% T

s3(1) X &7 (1)

1
+2 —l
t

{%1—( (),¢1()>—/_ 3(1) x ¢71(1) dt =

{03,2 S UROIE

(1) x ¢3(r) dt =

[dg(t)

53(t) — azo ¢o(t) —az,1 1(1) —asp $(1) = OJ

-+

s3(1) X
+1 +

L

ds(1)

[S3(t) does NOT generate a new element of the basis ¢3(t)j

rv—
it ‘ Setiostt @ Marcelino Lazaro, 2023
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Example:

Gram-Schmidt - Basis

s0(7) s1(7) s55(1) s3(1)
+1 _l +1 r +1 T ] _l
w t —— ¢ ‘ I t — t
1 2 3 Jr ] i 3 | 2 3 12 3
1 —1 —1 =l
B0 ) é1() A0
+L , 1
R Y -
t 1 t
| 1 2 3 | o 1 3 L 2 3
2~ J V2 1
s 0
aio
a= | a | = s5i(t) =aipo ¢o(t) +aix ¢1(t) +aia (1)
ain
L J
V2 0 0 V2 |
a=| 0 |a=|V2|a=|-vV2]|a=]| 0
0 0 1 -
veom | Cafee Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Example: Gram-Schmidt - Coordinates

@ Vector representation of the signals

V2 0 0 V2
a) = 0 a; = \/5 a = —\/§ a3 = 0
0 0 1 1
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Example: Gram-Schmidt - Alternative basis

@ Basis

¢Mﬂ={L ifo<r<1

0, other case

1, if1<r<2
/ t — Y —
(1) {0, other case

¢%”:{L if2<r<3

0, other case

@ Coordinates in the new basis

+1 +1 -1
ay=| +1 | aj=| -1 | a)=| +1
0 0 +1

, p—
a; =

+1
+1
+1

‘‘‘‘‘‘‘‘
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Example: Gram-Schmidt - Alternative basis

s0(1) s1(1) 52(0)

+1 4 +1 +1
I ,
12 3 a 3
-1 4 -1 -1

1 2 3

s3(1)
+1
l,, :l—t
2 3
1 4+
1 2

B0 (1) h #1(0) ) 0]
+1 +1 +1
t t t
1 2 3 1 2 3 3
=l ) =Il ) =Il
o . 0, sik#j ..
[w;—(r),@(z» - [ dwerwa- {1 e 5[1—161}

al
i,0
= |: aj | :| = si(t) = aj o ¢o(1) +afy H1(0) +a;, ¢5(1)

+1 +1
aj=| +1 [ aj=| —1 | a}=
0 0

+
+

1 +1
1 | aj=| +1
1 +1

—
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Example: Gram-Schmidt - Coordinates (Alt. basis)

@ New vector representation of the signals

+1 +1 —1

+1
ay=| +1 | aj=| -1 | a,=| +1 | aj=| +1
0 0 +1 +1

. -

°

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

OCW-UC3M Communications Theory
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Example: Gram-Schmidt - Energies and distances

@ Energy of a signal and distances between signals are efficiently calculated
from the vector representations of the signals

» Energy of a signal

» Distance among two signals

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

oo N—1
&= € {s:(1)} = / SO de = il = 3 Ja P
-

-

d (si(1), s(1)) :\//_Oo |si(t) — sk(£)]? dt

=

=||a; — a|| = |aij — ax,j|?

~.
Il
IS

J

OCW-UC3M Communications Theory

MDGC - Vector spaces 57/185



Example: Gram-Schmidt - Energies and distances (ll)
@ Coordinates in the first basis
{ V2 0 0 V2
aoz[ 0 ] alz[\/i} az:{—\/i] a3:{ 0 }
0 0 1 1

@ Coordinates in the second basis

+1 +1 —1 +1
+1 all = —1 alz = +1 ag = +1
0 0 +1 +1

@ Energies and distances (independent of the chosen basis)

(50:2, £=2 &=3 53=3}

, —_—
a) =

(d(So,Sl) = 2, d(So,Sz) \/_ d S(),S3 = 1}
2

[(51,82) V0, d(sy,s;) = \/_d(sz,s3):}

‘‘‘‘‘‘‘‘
veom | & [0S0 Marcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Vector spaces 58/185



Gram-Schmidt Example - Conclusions

@ The orthonormal basis that allows representing the M signals is not unique
» Any set of N orthonormal signals that allow each of the M signals to be
represented exactly is valid.
@ The energy of each of the signals and the distance between them will be the
same for any orthonormal basis
» The choice of one base or another will only mean a rotation of the reference
system
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Candidates {s;(r)}",' - Example for M = 2 : {s0(¢),s:(¢)}

e aYa N
So(l) Sl(l) So(l) Sl(l)
+2 + +2 +2 +2
+v2 T +v2 T +v2 T +v2
+1 +1 1 3 L M
T
t ' t — 1
T T T

1 1 1 L —1
—V2 T —V2 T —V2 T —v2
-2 4+ -2 + -2 4+ -2

\ Set 1 L Set 2 )

e aYa N

So(l) Sl(l) SQ(I) Sl(l)
+2 42 +2 +2
+v2 +v2 +v2 +v2
+1 +1 +1 +1
T T
t t t t
T T

—1 —1 —1 —1
—V2 -2 —V2 -2
=P =7 =7 )

N\ Set 3 L Set 4 )
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Distances between signals

d(si(1), 55(1)) = \//_Oo [si() — 5;(1)|* dt

@ First set

d(so(?) \// 11— (=1)]2dt =2VT
T
d(so(t),51(£)) = ,//0 12— 012 di = 24T

‘‘‘‘‘‘‘‘
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Distances between signals
@ Third set

2
dt

dso(t), 51(1)) = \//OT VZsin (?) - (—\/isin (?))
s (Y= o[~ o () oo ()] =27

@ Fourth set

2
dt

ot =y [ fosin (327) - (2000 ()
:\//014 — 8sin (?) cos (?) dt =2vT

given that

([ v (5 () = [ ()
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Average energy per symbol

o
E, <E[£{s(1)}] = E [ JINCS dr}
— 0
M—1 -
=3 P60 =) [l ar
i: — 00
@ Set 1
1 (7 1 [T 1 1
E, = — 1% dt + = —1Pdt==-T+-T=T
@ Set?2
1 (7 1 /T 1 1
E, = - 217 dr + = 0] dt = 4T + =0 = 2T
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Average energy per symbol

/TCOSZ = dt—l 7T—t-l-lcos 2mi sin 2t T_Z
0 T _27T T 2 T T 0_2

@ Set3

@ Set4

(z)zg + % (2)% _ 2T}
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Frequency response of signals

@ Set1and Set 2
IS (je) |

]

7‘2% 6 +57“ w (rad/s)
» Signals suitable for transmission on channels with “good response” at low frequencies
@ Set 3 and Set 4

1Si(jew)

- 0 +ir w (rad/s)

» Signals suitable for transmission on channels with “good response” around the
frequency 2~ radians/s
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Basis and constellation

@ An orthonormal basis for the space of M signals
» Vector representation of each signal

aio
a; N—1
si(t) <> a; = A si(t) =) aij ¢(7)
. j:()
aiN—1

@ The norm facilitates the measurement of energy and distances

E{si(0)} = llail]* = Zlaul

N—1
d(si(t),s(t)) = [|la; — a]| = Z |lai; — a, 2
j=1
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Basis and constellation - Set 1

so(t) s1(f)

+2 —— +2 ——
Vi~ +vE
+1 +1
T
t t
T
-1 —— —1
V2 Vi
2 2 1
1 ¢0(t) 2T
L —
% a ag
| | |
I \ © \ ¢ - %
-2 b —2vT =T 0 +VT  +2VT
T

(ao = [aoo] = +VT,  a;=laig] = _\/ﬂ
[so(t) =ag do(t)  si(t) =a ¢o(t)J
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Basis and constellation - Set 2

so(t) s1(f)

+2 +2
+V2 —— +v2
+1 —— +1
t | t
T T
-1 —— —1
,\/j _ —V2
-2 4 -2
1 ¢0(t) 2T
1 —
v a ag
|
I \ \ © \ ¢ %
-2 b —2vT =T 0 +VT  +2VT
T

(ao = [ao0] = +2VT, a; = [a19] = OJ

(00 =000 1) =a1 6009
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Basis and constellation - Set 3

S()(l) Sl(t)

+2

+2
+v2 +v2 %
+1 +1
! t

+/2 ) al &
[ 72 P A S A
(a0 =faoo] = +VT. a1 = [aro] = VT
(00 =060 1) =a1 6000

iversdod
vesm ‘ Careslll [©OSS Marcelino Lézaro, 2023 OCW-UC3M Communications Theory MDGC - Communication model 69/185




Basis and constellation - Set 4
so(t) s1(1)

Bo(?) é1(7)

+/2 +

r TN |
_@L \./ _@L\/T @

»[2]-[V] ~-[2]-[a])

[So(f) =ao,0 ¢o(t) + ao,1 ¢1(1) s1(t) = arp ¢o(t) + a1 ¢ (l)]
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vesm ‘ Careslll [©OSS) Marcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Communication model 70/185

o




Distances between signals - Constellation

N—1
da,a) = |l —ajll = | Y laiy — aryl®
j=0

@ Set 1: [ao = +VT, a; = —\/ﬂ [d(ao,al) = \/‘(+ﬁ) — VT 2 :2\/7}

@ Set2: [ao =2VT, a, =0] {d(ao,al) = ‘(—1—2\/_ —2\/_

@ Set 3: [ao = +\/T7 a = —\/T] [d(ao,in) = \/‘(-F\/T) — (—ﬁ)‘z _ 2\/?}

T L[ Ar]) o=l <o -] -7

0
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Average energy per symbol - Constellation

E, =E [E{s()}] = Z_:pA (a;) E{a;}

M—1 N—1
2
=> pal@) > lay|
i—0 =0

@ Set 1 (equiprobable symbols)
1 2 1 2 1 1
{Eszi <+\/7) +5 (—\/7) :—T+—T:T}

2 2

@ Set 2 (equiprobable symbols)

1 2 1,., 1 1
[ES_E (+2\/T) +5 (0) —§4T+§O—2T}

‘‘‘‘‘‘‘‘
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Average energy per symbol - Constellation (Il)

@ Set 3 (equiprobable symbols)
{ s — A <+\/_)
@ Set 4 (equiprobable symbols)

{Es - % [(\/ﬁ>2 " (0)2} " %

{(0)2 + <\/ﬁ>2] — % o7~ % 2T — 2T}

@ Minimum energy for given distances between symbols
» In this case Set 1 and Set 3 require less energy for the same distance
* For some fixed distances between symbols, the energy is minimized if the mean
of the constellation is zero

Ela; 0] 0
E[a,—yl] 0
E[ainfl] 0
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Minimum E; for some distances between symbols - Zero mean

@ Example in 1D space: symbols (ag =B —A, a; =B +A)

[ 2A N|
ag ay Mean B
® | ® o Distance 24
B—A B B+ A

@ Average energy per symbol (equiprobable symbols)
_1 1 _ L p_apyd 2
E; > E{ap} + 3 E{a} = 3 (B—A) + 5 (B+A)
:% (B> +A* —2AB) + % (B> + A® +2AB) = B> + A?

» Contribution of the mean: B?
» Contribution of the distance: A2

@ Minimum energy per symbol for a distance 24
(Zero Mean (B = 0) — E; = A?
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Design of the digital modulator - Selection of the M signals

@ Constraints to take into account

» Signal energy
» Distance (measure of similarity) between signals: (d(si(t), s;(t))

> Adaptation to the characteristics of the channel: (s(¢) x h(1) = si())
@ Discrete representation (vector) of the signals
> (Constellation of M points)

* M vectors a; of dimension N (representing the M signals)
* |t allows to evaluate [energies and distances] (independently of the basis)

» (N-dimensional orthonormal basis)
* N orthonormal functions, ¢;(r)

* |t allows to evaluate the [adaptation to the channeD characteristics (regardless of
the constellation)

[h‘ &;(1) % h(r) = ¢;(1), Vj, then si(r) * h(r) = s(1), \ﬁ]

» Constellation vs basis: common design contraint
* (N: Dimension of the signal space)
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Digital Communication Model

By [5] e )

—  B[n] Aln] s(t)
Bits 4> Modulator —l
Digital Modulat
Byll] )
A —— [n] qlr] r(1)
Bits Demodulator [«

Digital Demodulator

[

(. J

@ The digital modulator is split into two modules
» Encoder + Modulator
@ The digital demodulator is split into two modules
» Demodulator + Detector
@ Intermediate vector representations: A[n] and q[n]
» Representation of the signals in a vector space of dimension N
» Significantly simplifies the design of transmitter and receiver
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Description of each module - Transmitter

@ Encoder

> Defines the (constellation) : ({ap,ay, - ,ay_1} M vectors]

* Vector representation of the signal associated with each symbol
* Interval for index n: vector A[n] representing s(z) in [nT <t<(n+ 1)T]
» Design criteria (to select the constellation)

* Energy
* Distance (“similarity”) between signals (performance)

@ Modulator
» Defines the (orthonormal basis) of the signal space:

[{qﬁo(t), o1(t), -+, dn_1(0)} N signals}

» Design criteria (to select the N functions ¢(t))
* Adaptation to the characteristics of the channel

(000 < h0) = u() T @) o) = @1l |
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Description of each module - Receiver

@ Demodulator
» Converts the received signal, by symbol intervals, into vectors in the signal
space defined by the basis {¢.(7) 2’;01
* Interval for index n: vector g[n] representing r(z) in (nT <1 < (n+ 1)T)

@ Detector
» Compares the “similarity” between the received signal and the M possible
signals {so(t),s1(z),- -+ ,sm—1(¢)} to decide symbols
* Measure of distance on vectorial representations
* Compare the distances of:
- Vector of the received signal in the symbol interval: q[n]
- Vectors of the M possible symbols: a;, fori € {0,1,--- ,M — 1}

—
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Demodulator

r() [ Demodulat } q[n]
Signal emoduiator Vectors

@ Gets the discrete-time representation of the received signal r(r)
» Projection in the N-dimendional signal space of the modulator

qo[n]

qln] = Ch:[n] = r() in orthonormal basis {¢o(7), ¢1(1), - -- , dn_1(1)}

gn-1[n]

@ Piecewise signal processing: by symbol intervals
> Vector q[n]: vector representation of (r(r) innT <t < (n+ 1)T)

ﬂﬂﬂﬂﬂﬂﬂﬂﬂ
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Demodulator by correlation
® q[n]: inner product with ({¢o(t — nT),¢1(t — nT),--- , oy_i(t — nT)}]

» Suport of ¢ (t) :

[nT <t<(n+ 1)T}

» Suport of ¢y (t — nT) :

(n+1)T

nT

{qk[n] = (r(1), ¢u(t — nT)) = / r() ¢ (t —nT) dt}

@ Correlation: Direct implementation of the inner product

r(1) (n4+1)T

4’ / o dt

T

qx[n]

@5 (t —nT)

‘‘‘‘‘‘‘‘
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Demodulator using matched filters

(n+1)T (n+1)T

qu—ovxma—nn>—/’ mﬂ¢af—nndﬂ

nT

r(£) 6L(t — nT) dt = /

nT

@ Filtering the signal with a filter with impulse response /#(z)

(e.9]

—00

» Response of the matched filter (. (7) = ¢; (—1)
{yk@) = [ o si-e=myar= [ rn) sie -0 er

{m@=dﬂHM0=/ mﬂmu—ﬂm}

— 00 —00

» Value of the signal y(r) at the instant t = nT

{ykw): |~ éir =) dT:qk[n]} [ g il
= t=nT

‘‘‘‘‘‘‘‘
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Demodulator with causal matched filters

@ Support of the time response: elements of the basis

» Functions are defined in

» Support for matched filters h(r) = ¢ (—1)

* Functions (¢ (—t)) are defined in
* NON-causal (anticausal) impulse responses
* Real implementation is NOT possible

@ Real implementation of the matched filters

» Conversion to causal response: delay of T seconds
W)= (= T) = g~ - 1) = 6T ~ )]

» Inner product (to obtain coordinate g[n])
= The causal filter ! (r) delays the output signal by 7 seconds

1@ = r() <L) =yt = 1))
* The sampling instant must be delayed T seconds
() = (r(0), 640 = nT)) = 9aT) =¥ (0 + D7)

‘‘‘‘‘‘‘‘
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Implementation of the N-dimensional demodulator

r

nT

(1T

N

*
¢y_1(t —nT)
L Correlators )L Matched Filters
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Implementation of the N-dimensional demodulator

| 7 = || s ||
¢p (1 — nT) oy
0 [—® e HT -1 ﬂl
;T(t—nT) A
@ eal ot vl
;;’_l(t_ - t=n+1)T
L Correlators U Matched Filters (Causal) ]
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Implementation examples (Correlators)

r(?)

SH
—
(@) [

-

V/3sin (1)

) Set 4

qo[n]
(n+1)T
J,

nT

o dt

ql[]}
n+l 7

COSs (z%t)

REMARK: sin (2£1) = sin (2 (1 — nT))

~
i qoln]
4> ( DT o dt
1
VT
(a) Sets 1, 2
L /
(1 ] |
r(t qo|n
— fn (;H_])T o dt
2 sin (221)
(b) Set 3
L J
uc&m‘é}iggiﬁ Marcelino Lazaro, 2023
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Property of the matched filter - Maximum S/N ratio
@ Filtering a signal s(¢) plus noise n(t) with filter h(r)

» S : Energy in g due to signal s(7)
* s(t) is a deterministic real signal
» N : Energy in g due to noise n(r)
* Noise model: stationary random process, white and Gaussian, with statistics
R T
» Calculation of the signal to noise ratio (S/N)
S _ Energy in g due to s(7)
N  Energy in g due to n(r)

* Search for the real filter k(¢) that maximizes the S/N ratio
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Property of the matched filter - Maximum S/N ratio (ll)
q(1) =(s(2) + n(2)) = h(r) = s(t) * h(r) + n(r) * h(r)

@ Filter output ° o
:/ s(T) h(t — 1) dr + / n(t) h(t — 1) dr
® Value atinstantt =0 g = g(0) = [ s(r) (=) dr+ [ n(r) h(-1) dr =5+
—9 o
signal term=s noise term=z

@ Signal to noise ratio in ¢

» Calculation of E[|s|?]
* Processing of s(¢), deterministic signal

{E [1s12] = Isl2 = \ | Zsm h(—r) dr

2

(deterministic value)}

» Calculation of E[|z|?]
* Processing of n(r), random signal
Calculation of the expected value of |z|? taking into account the statistics of the noise signal n(r)

—
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Property of the matched filter - Maximum S/N ratio (lll)

@ Statistics of n(z)

. N . N
{Power Spectral Density S, (jw) = 70; Autocorrelation R,(7) = %5(7)}

@ Calculation of E [|z?]

)
_/+°°/ Eln(r) n(0)]

Rn(T 0)

JT [

Rn('r 0)

n(0) h(—9) da)}

(6)] h(—7) h(—6) dr db

h(—7) h(—0) dT db

Ny No

2

—+oo
[ e ar =3

| ar =2 ey

NOTE: the integral of the product of a function with a delta is

+oo
[ﬁ 76 8(x = x0) ds :f(Xo)j

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023
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Property of the matched filter - Maximum S/N ratio (IV)

I _ ‘/_O:o $(7) h(=7) d7

2

@ Signal to noise ratio (5) = =
N/, E[Z]

2 et}

@ Cauchy-Schwarz ineq. (

ERU/

h(—7) dT

< ([ sear) ([ we-np dv)}

» Equality (maximum value) is obtained for i(—
@ Maximum signal to noise ratio:

H=axs(t),«€eR

oo 2
o) B e
(7). = U )

X et}

h(—

_(orer) (@ [Lrore) s

N=a s(t)

) N a2 (5}

No
2

OCW-UC3M Communications Theory

MDGC - Demodulator 89/185



Property of the matched filter - Maximum S/N ratio (IV)

Two conclusions can be drawn from this result:

@ For real signals, the signal-to-noise ratio at the output is makes maximum
when k(t) = « s(—t) for any value of « (except a = 0) and, particularly, for the
matched filter

For complex signals the same conclusion is reached but with the complex
matched filter

@ The signal-to-noise ratio at the output of the matched filter does not depends
on the specific shape of s(¢)

» S/N depends on (E{s(7)}
» S/N depends on

‘‘‘‘‘‘‘‘
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Demodulator - Statistical model of q|n| for A[n] =

@ Model of the output of the demodulator q[»] assuming:

» Optimal choice of modulator for the channel
* Orthonormal Basis:

[w,(r )0 = [ 80 630 di = {1 ffk#fﬁzav—k]}

ifk=j

* Adaptation to the channel — Gaussian channel:

(4010 = &) = () = s + (0]

» Transmitted symbols is

aio
a; |
An] =a; = ) — E a;j ¢;(t — nT)
. nT<t<(n+1)T =0
aiN—1

* For ease of notation, n = 0. First symbol interval 0 <t < T:

A=A[0] =a, — s(r) Za,dqu

0<1<T =0

—
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Demodulator - Statistical model of q[r| for A[n] = a;

@ Coordinate of index k of q[n] (for ease of notation, n = 0)

r

k. =(r(1), i (1))

T

T
H(t) G1(0) di = /0 (s(0) + (1)) 67(1) ds

J

0
T [N-1 T
— [ e a0 | si@dr+ [ nt) g ar
0 - 0
Jj=0 S —
2k
N—1 T N—1
= aiJ/ $i(t) G5 (1) dt+ 2 =D aij 6li — k] + 2 = aig + 2
=0 0 Jj=0
.
T
=z R = / n(t) S1(1) dr
0
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Equivalent discrete channel

@ Complete model of the observation q|r] given that Ajn] = a;

a;o 20
a | 4
q[l’l] = : —+ : =a;,+ 2
a;N—1 IN—1

@ Equivalent discrete channel
Aln]

[ s(1) r(1) q[n]
*> Channel ]—{Demodulator]—>

Equivalent | q[n] = A[n] + z[n]
Discrete

Channel

iversdd
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Equivalent discrete channel - Statistical model for z

@ Model for n(r) is a Gaussian random process

@ Coordinates {zo,z1,- - ,zv—1} are jointly-Gaussian random variables

» Characterization: Jointly Gaussian probability density function
» Parameters:

* Vector of means
* Covariance matrix

@ Mean of each coordinate

il =& | [ 0 6i @] = [ Ew) 610 ar=0

my,(1)=0

iversdd
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Equivalent discrete channel - Statistical model for z (ll)

@ Covariance between two coordinates

:/ / Eln(r) n*(1)] ¢} (1) ¢u(7) dr dr
0 0 —_——

Ry, (t—T):N—zo o(r—7)

_ /0 % 5t~ 7) 61 (0) du(r) di dr

0
r N,
=3 [ 60 ooy ar =2 ol -

.

ovte ) =ely il = £ [ 0 g0 ) ([0 ut )]

» Random variables z; and z (k # j): (Uncorrelated — Independent)

* They are jointly Gaussian random variables with null covariance

. . N
» Variance of each noise component z;: afk = 70

080 Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Marginal and joint distributions for z

_ 1
Zk(Zk)_\/W_]V()e

@ Marginal distribution

. N
» Gaussian: zero mean and variance % {fzk(zk) =N (o7 7())}
@ Joint distribution for z = [z9, 21, -+ ,zv_1]"
1 o % 1 _ Lzl
H.ﬂk Zk No)N/2 =0 = —(WNO)N/Ze No

» Independent jointly Gaussian (N-dimensional): zero mean and variances %

{ZU— (0—)}
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Conditional distributions for q given A = a;

@ Equivalent discrete channel (g[n] = A[n] + z[n]]
@ Distribution for each coordinate if Ajn] = a;

. 1 _& N,
e )]
0
2

1 @ap " No
) — No = P
qu|A(Qk|az) \/me ik, 2

» Gaussian: mean a;; and variance %
@ Distribution of the whote observation q[n] given A[n| =

N—1
1 _EN 1 (ae—ai)?
faa(qla;) quklAk (qklaix) = W =0

1 _lla= a,u I No
g =4 (v3)

» Gaussian (N-dimensional): mean a; and variances %
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Detector

q[n] Bn]
Detector
Vectors Symbols

@ Estimation of the sequence of transmitted symbols B[n]
» Symbol-by-symbol decisions
» At the discrete instant n:
* The observation at n, i.e. q[n], is processed
* The transmitted symbol at n is estimated, i.e., B[n]
@ Design goal
» Minimization of the symbol error rate P,

[Decision to minimize P, = P(B[n] # B[n])]

iversdd
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Detector - Decision Regions

@ Alphabet of M possible values
[B[I’l] S {b07b17 e 7bM—1}j

@ Decision for observation q[n]
» Domain of q[n] is splitted into M disjoint regions
* Each region (I;) is associated with a symbol (b;)

@m:mmme@
* That is why they are called

* REMARK: there is a one- to -one association B[n] = b; +» A[n] = a;

(Bl = by ¢+ Aln] =

@ Design of the decision regions
» Split of the domain of q[r] to satisfy the design criterion of the detector
* Minimization of the symbol error probability P,
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Detector design

@ Ease of notation: q = q[n] — B = B[n]
@ Probability of error for a specific case

- Gase

{Pe(q =qo > B=0b)=P(B#blq=q¢)=1—P(B=1bi|q= qo)}

=1 — pp|q(bilqo)

» Conditional probability (ppq(bilqo)| : posterior probability (a posteriori)

@ Probability of error for a “dumb” detector (constant decision)
» Decision is always B = b;, for any value of q R
* Average probability of error when deciding B = b;, for all possible values of q
P

o N

P.(B = b;,Yq) =E} (q0) {Pe(q =q)—B= bi)] = / [1— pgiq(bilqo)] fq(qo) dgo

— 00

- / fal@o) dao — / Paiq(Bi1a0) fa(g0) dao

i —/ P5lq(bilq0) fq(do) dgo

iversdd L )
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Detector design (ll)

@ Extension to general decision: To decide B=bifqel

M—-1
P,=1-)" /Pqu(bi|(I0)fq((I0) dqo
i=0 /i

@ Minimization of the probability of error
» Minimized by maximizing the second term
» fq(qo) is independent of the symbol that is transmitted or decided
» Given qo the term pg,(bi|qo) can be chosen
* This is equivalent to associate q, to a decision region I; (k € {0,1,....M — 1})
@ Layout of the decision regions : (MAXIMUM A POSTERIORI CRITERION)

» Assignment of q = qp to the decision region /; that maximizes pgq(bi|qo)
[qo € I; if ppq(bilqo) > ppq(bilqo), Vj# i}

> In the case: [pqu(bi|q0) = palq(P|90) > PBq(bjlq0), Y j # {i, k}]
* Arbitrary assignment of qq to 7; or I;

ﬂﬂﬂﬂﬂﬂﬂﬂﬂ
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Decision regions for minimal P, - An example

PB|q(b0|(l)
pqu(b3|q)
pB\q(bl |q)
17[{\(1“72‘(1)
% x 1 x q
ap a a as
Y IO 4] 11 [4h} 12 7N 13 L4

veam | sl [©OE0)
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Maximum A Posteriori (MAP) Criterion - Development

@ Posterior probabilities pg4(bi|qo) - Bayes’ Rule

{pmq(b,wqo) _ p3<b,->fq|3<qo\b,->J

Ja(Qo)
» Taking into account that B = b; implies that A = a; and vice versa
aa@ol6) =foya (aolai) |
@ MAP criterion: qq is assigned to [; if

ps(bi) fqia(qola;) - pa(b;) fqa(qola))
fq(qO) fq(qo)

Since f,(qo) is @ non-negative quantity
w el if p5(bi) fqa(dola;) > ps(b;) fqa(dola))
pa(ai) fqa(qolai) > pa(a)) fqa(qola))

‘‘‘‘‘‘‘‘
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MAP Criterion: Example for binary case and Gaussian f;(qo|a;)

pa(ao) fya(alao) palar) fya(qlar)

T T = T q
4 aO (\1% a] LN
Y IO [) Il (4
a +a N lnp—Aang
0 1 0 pa(ay
u - _—7 I — - Y ujs I - M?oo
q 2 "2 (a—ay) " (—00,qu), I = [qu,0)

‘Pe = pa(ap) /Ifq|A((I\ao) dq + pa(a;) /Ifq|A<q’al) dC]|

‘‘‘‘‘‘‘‘
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MAP Criterion: Example for binary case and Gaussian f1(qo|a;) (Il)

@ Any other decision threshold will increase the probability of error

pa(ao) fya(alao) pa(ar) fga(alar)

} it } q
ya aO (\lg al \
N IO [} ll L4
pA(aO)fq|A(q|aO) pA(al)fq\A(q‘al)
} I q
ya ao gy al \
N IO [} 11 L4
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Maximum Likelihood (ML) criterion

@ ML is valid when the symbols are equiprobable

p(bi) = pa(a;) = AL/I’ Vl}

@ In that case, q is assigned to region I; if

(fq|A(qO|a,-) > fua(qola) V) # i}

‘‘‘‘‘‘‘‘
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ML Criterion: Example for binary case and Gaussian f,1(qo|a;)

fqa(dlao) faa(qlar)
} } } q

, a0 g‘l‘ a S
< [0 7S 11 7

ap)+ a

‘ u — %: IO - (—OO,qu), Il = [qu,oo) ’
1 1
P.= = | fqa(dlao) dg + = | fya(dlai) dg
2 I 2 I
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Minimum Euclidean Distance criterion: Gaussian f,1(q|a;) and pg(b;) = 1/M

@ ML Criterion with Gaussian fq(q|a;): qo belongs to 7; if

2 2
1  llag—ail1? 1 ~ llag—ajl| _ lag—a;l? _llag—ajl|
N

——e > —0—-e N Vj#i [e Mo >e M Vj#£i
) () 7 J 'z
» Exponential is a monotonic increasing function e* > ¢ < a > b
(llao —aill* < llao — P ¥ #1]

» Applying the definition of the norm of a vector

N—1

2
llqo — ail|* = E g0, — aiy|* = |d(qo, a;)|
pary

» Minimum Euclidean Distance (MED) criterion
[‘l € I; if d(qo, a;) < d(qo,a;), Vj # l}

‘‘‘‘‘‘‘‘
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Minimum Euclidean Distance detector

@ Equiprobable symbols

® fya(qla;) has a Gaussian distribution (Gaussian noise)
NOTE: Actually, it will also hold for any distribution that is symmetric with respect to the origin (even function) and
decreasing in the 1-D case, since in that case two distributions with different mean “ will intersect” at the midpoint
between both means, or for decreasing radial basis functions in the case N-D

d(e,ay_) f—i )

iversdd
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Calculation of the symbol error rate

@ When the symbol B[n] = b; (or A[n] = a;) is transmitted
» Distribution of the observation fy 5 (q|a;)
» Conditional error probability: [Pe|B:b[ = Pojaa, = Pe‘a]

* Error occurs if |B[n] = by # b;
* This occurs when

Pa = / Fyalalas) dg
qél;

@ Total error probability
» Conditional error probabilities are averaged

M—1
P, = ZPA(ai) Pe|a,-
i=0

* For equiprobable symbols

1 1 M—1
pa(ay) = i — P = M ZPe|ai
i=0

—
veom | G5feS OO Marcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Detector - Pe 110/185



Example
@ One-dimensional (N = 1) and binary (M = 2) case
» Constellation (ag = —A, a; = +A)
1

» Equiprobable symbols pa(ag) = pa(ai) = 5
> Decision regions (Threshold g, =0 = Ip = (—0,0), I; = [0, o)

ao
@ } @ q
-A q,=0 +A

7\ Il L4

N
S

@ Error probability

Pe :pA(aO) Pe|a0 +PA(31) Pe\a]

1 1
:E Pe\ao + 5 Pe|21

OCW-UC3M Communications Theory MDGC - Detector - Pe 111/185
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Probability of error B = b,

faa(qlao)
ao
L4 t } q
-A q,=0 +A
Y 10 7\ 11 L4

@ Gaussian distribution fy s (q|ao) with mean +A and variance N,/2

Pea: f qa dq:Q —
0= ala(d]a0) No 2
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Probability of error B = b,

fqia(qlar)
a]
} } L4 q
-A q,=0 +A
Y IO 7\ Il L4

@ Gaussian distribution fy s (q|a;) with mean —A and variance N,/2

Pea: f qa dq:Q —
m= aaldlar) No2
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Error Probability - Graphical interpretation

1 1 1 1
Pe = EPe|a0 ol EPe|a] = 5 quA(CI|a0) dq + 5/ fQ|A(Q|a1) dq
a¢lo agh
%fq\A(q‘aO)

NANCIED)

-A q,=0 +A

N

~

\ J
[)
Iy

I

5 faia(dlao) 1 faa(dlar)

* —e = q

+A

|
B
=

L
N

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

/
u
y)
A

0 4

Iy I ’
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General result for 1-D binary equiprobable case

@ In this case, we have the following conditions
» Decision regions
* Threshold at the midpoint of the two symbols

A + a;
qu = B
* Distance from each symbol to the threshold
d(ag,a
[d(aanu) = d(alaqu) = ( 02 1)}

@ Probability of error

d(ao,al)

P, =
23 No/2
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2D binary example

@ Equiprobable symbols pa(ag) =

@ Constellation [ao = [ 3 ] ; }
@ Decision regions: boundary gy = ¢,

q0

)

[Ioz{q:{g? } 1QO>C]1}11={q:{ql
qi
qo = 41
A @ 2]
ao
# 90
A
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Distributions f, s (q|ao), fya(qla;) (A = 1)

il
AN
//Z:," ‘»:‘ o
T,
AXE0NX
’,'»',’,':'?':f"fw‘“ 3

prori
,‘i (A
)

Ak
b 0

XA
% SRR
R AR

3
o

Universidad
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Calculation of error probabilities

@ Integrals of the conditional distributions given a, and a; out of their decision
regions
@ 2D Gaussian integrals in a half plane
» There are no analytical expressions or numerical tables
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Change of coordinate system

@ A change of coordinates can be made

» One of the axes passes through the two points of the constellation
» The constellation is rotated 45° (without changing scale)

1= \}E(CIO +q1 —A)}

!
/ ql
qo
! !
a; )
— T &—>
A4
_ A Yo
T

» The value of the second coordinate is null for both symbols
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Change of coordinate system

@ A change of coordinates can be made

» One of the axes passes through the two points of the constellation
» The constellation is rotated 45° (without changing scale)

/

[46 = \}E(CIO —q1), ¢1 = \}E(QO +q1 —A)}

» New constellation (distance is maintained)

_A
9 a/1 e \/§
0
* The second coordinate can be eliminated: 1D space!!!
1/

<—O—V
I
e

A
T

/
an =
0 0

/
a;
o 1
hd T

=]

A vA
R i
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Formal expansion of the change of coordinates

a0+ a1~ A)
V2 q0 T+ q1
(*] |fA[n] = aop, then [qO = ao,0 +z0=A —|—Z()] [‘]l = dao,1 +z1 = 0+Z]]

. 1
@ Transformation: (qé = 7(qo —q), ¢; =

b _ay =75 (0 +20) = (@ +2)) = 2= ((A+20) = O+2)) = T+ o =)
M~ N——

¢1010 <0
(), 1 1 1 h
ql|A:a0 2 ((a0,0 +20) + (a0,1 +21) —4) = 7 ((A+20) +(0+2z) —A4) = %(zo +z)
N———
o
L ! J
@ If A[n] = a, then [qo =aj0+z2 =0+ zo] [ql =a;1+u=4A+ Z1]
i 1 1 A 1
q0|A=al =7 ((a1,0 +20) — (a1,1 +21)) = 7 ((0+2) —(A+2z)) = =75 A %(Zo —12)
——
/ /
1,0 %0
(), 1 1 1 N
Al =75 o+ )+ @i +2) —4) = Z5 (O+2) + (4 +2) —4) = -G +2)
N————
o
L A J
“‘5m‘§3’i§§E§ @ Marcelino Lazaro, 2023
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Formal expansion of the change of coordinates (ll)
@ Coordinates of the new constellation

_{_A _ A
= | 9 ] w=]

> There is no signal term in the second coordinate

/

. 1 I
@ Noise components: |z, = ﬁ(z() —z)| |7 = \ﬁ(zo +21)

> Terms z(/) and z| proportional to zo — z; and zp + zi, respectively
> They are independent (Gaussian and uncorrelated)

N N
[COV(ZO —z,20+21) = El(z0 — 21)(@0 + 21)] = Elg5 — 4] = 70 - 70 = j
* The second coordinate can be discarded (there is no signal and the noise term z/ is independent of z;)
> Statistics of z;,

{E[Z(l)] —E {L(ZO _ Z])j| = L g - %

73 7 E[z1] = 0}

1INy 1N _No
22 22 T2

2
[Var(z()) = [(2@0 - ) } = JEIB) + 2B — Elom] = 5 22 + 250~ 0
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General result: binary equiprobable case

@ |t is always possible to find a change of coordinates with one of the axes
passing through the two points of the constellation

» What is relevant is the distance between the points
@ In this case, we have the following conditions

» Decision regions for equiprobable symbols

* Threshold at the midpoint of the two symbols

B ) + a;
==

* Distance from each symbol to the threshold

[d(aOa qu) = d(al, qu) =

. d(ao,al)
=0 (2 N0/2>
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@ Probability of error




Example : 1-D space M-ary

@ M = 4, equiprobable symbols p,(a;) = §
@ Constellation: (ag= —3, aj = —1, a = +1, a3 = +3)
@ Decision regions: thresholds q,; = -2, q,2 =0, q,3 = +2

(10 = (o0, 2], 11 = (<201, & = (0,+2), k= (+2,+00)|

ag a ap as

Py | Py | Py | Py

° o | o | °
-3 2 -1 0 1 2 3 .
L L L !

@ Conditional error probabilities

1 1
Pe\ao = Q <T0/2> 5 Pe|a1 = 2Q ( N, /2> 5 Pe|a2 = Pe\ala Pe\a; = Pelao
0

@ Total error probability

M—
- 13 =30( s
e = 7 e‘al -
42 No/2
“‘3"'\53’:1‘:3![,' @ Marcelino Lazaro, 2023
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Calculation P,,,

faa(qlao)

A
N

@ Distribution E/qm(q]ao) =N(ao,&)}

» Gaussian: mean ap = —3 and variance Ny/2
@ Probability of error

> Integrate fy 4 (qlao) out of Io

Pja, = faa(qlag) dq = Q
¢lo

q

No/2

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

OCW-UC3M Communications Theory

MDGC - Detector - Pe  125/185



Calculation P, ,,

fqalglar)

@ Distribution %A(q]al) :N(ala&)

» Gaussian: mean a; = —1 and variance Ny/2
@ Probability of error
> Integrate fy 4 (qla;) out of I

1
Py = dq =2
| q%fqlA((I\aO q=20 ( N0/2>

iversdd
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Calculation P,

fqia(dlaz)

@ Distribution %A(q]az) :N(az,]&)

» Gaussian: mean a, = +1 and variance Ny/2
@ Probability of error
> Integrate fya(q|a2) out of I

1
Pa, = dq=2
| qgélzfqlA(Q‘az) q 0 ( N0/2>

©080 Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Calculation P,,,

fqia(alas)

a3
3

~

I

T N
@ Distribution @q|A(q]a3) =N (33, 70)}
» Gaussian: mean a; = —3 and variance Ny/2

@ Probability of error
> Integrate fy 4 (qlas) out of I3

1
Py = dq=0 —
|a: q¢13fq|A(q’a3) q=0 ( N0/2>

OCW-UC3M Communications Theory
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M-ary detector in multidimensional space

@ Example: 16 symbols in a lattice aligned with the ¢¢ and ¢, axes

q1
ao aj a a3
[ ) ® +3—— [ ] [ )
a as g az
[ ) ® +1—1 [ ] [ )
-3 1 0 +1 +3
1 1 1 | q0
ag a9 a0 aj]
[ ] ® -1 [ ) [ )
ap a3 a4 a5
[ ] ® -3 [ [ ]

v | €571 [0

Marcelino Lazaro, 2023 OCW-UC3M Communications Theory
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Calculation of error probability for ag

@ Symbol coordinates: |ag = [ j: ]

» Distribution fy 4 (qlas): 2D Gaussian in ag (0 = Ny/2)
No +1 | No
futng = s 2) = ([ 11 2)

@ Calculation of the probability of conditional error P,

» Decision Region - Square: (0 < gy <2) and (0 < ¢, <2)
*  There are no analytic expressions to directly compute the integral of a Gaussian out of this square

iversdd
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2D space - Decision regions form a grid

@ In this case the decision regions can be described by two independent
conditions on ¢, and on ¢, that have to be fulfilled simultaneously

» Examples

[1650§q0<2and0§q1<2]

[1250§q0<2and2§q1<ooj

» The 2D problem can be decomposed into 2 coupled 1D problems
[Pdai =1- Pa|a,- =1- Pa|a,470 X Pa|a,-,] =1- [(1 — Pe|a;70> (1 — P€|a;,1)]}

* The probability of success P,|,, can be written as the product of the probabilities in
each of the two directions of the space Py, , X Pqjq,,

* The probability of success in one of the directions of space (P, Or Py, ,) can be
written as 1 minus the error probability in that direction (P, , or P, )
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Three types of decision regions

 Type 1: ({lols T, 1)
» A single decision boundary in each direction of space
° Type 2
» Two decision boundaries in each direction of space
° Type 3: [{11712714717718711171137114}]
» A boundary in one of the directions of space
» Two decision boundaries in the other direction
@ Calculation of the probability of error for equiprobable symbols
» All symbols of the same type have the same probability of conditional error
* Examples of each type: (ap (Type 1), as (Type 2), a; (Type 3))

M—1

1
P, = ZpA(a,-) Pe\a; =4 x Epdao +4 x
i=0

L, 1 9L 1
= No/2 19 No/2

ﬂﬂﬂﬂﬂﬂﬂﬂﬂ
veom | GofeSi OO VMarcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Detector - Pe  132/185

1 1
T6Pe|a5 + 8 X T6Pe|a7




Type 1 Regions (example a;)

Jaolaz o (901a0,0)

q0

)

— a az as
=3 e 43+ o .
S
as as ag az
— . o +1+ o o
S -3 I +3
s | | | |
o) ag ag ajo ajp]
- o -1+ o
g
<
ap a;3 ajy ajs
° e -3 o °
S

o
veim| coriosll (@O Marcelino Lézaro, 2023
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Type 1 Regions (example a;)

@ First axis of space: ¢
» Mean of the 1-D Gaussian distribution: a9 = —3

» Decision region : (—oco < gp < —2

1
Patl()o:l_Peaoozl_ s
@ Second axis of space: ¢,

» Mean of the 1-D Gaussian distribution: ap; = +3

» Decision region : (+2 < ¢; < +00

1
{P e (N/zﬂ

@ Conditional error probability

1 ’ 1 , 1
Pﬂf“b”(w)i :29(%/2)‘9 ( w)
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Type 2 Regions (example as)

Jaola o (0las,o)
Jm 90
as .o
ap a az asz
° o +3+ ° °
— as ag ay
® [ ] [+ ° °
N
3 o+ 3
T T T T
ag a9 ajo ap
— ° o -1+ °
w5
S
) ap a3 ay as
- ° e -3 o °
s
<
S

o
veim| coriosll (@O Marcelino Lézaro, 2023
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Type 2 Regions (example as)

@ First axis of space: ¢
» Mean of the 1-D Gaussian distribution: as o = —1

» Decision region :

1
ajas o = eaSO = 1 - 2 WG
{ | | Q( No/zﬂ
@ Second axis of space: ¢,

» Mean of the 1-D Gaussian distribution: as ; = +1
» Decision region: (0 <g; < +2

1

@ Conditional error probability

1 ’ 1 9 1
e [1 o (w)] o (W) e ( w)
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Type 3 Regions (example a;)

o
veim| coriosll (@O Marcelino Lézaro, 2023

OCW-UC3M Communications Theory

fqo|a/-y0(q0|a7,0)
q
aso
ag aj a as
° ® +3+ ° °
— ay as a6
¢ [} o 1 .
S
-3 -1 0 +1
1 1 1 1
ag a9 ajo ap
— ° o -1 °
-~
S
o) ap a;3 ajy ajs
- L[] ® -3+ L] L]
=
<
S
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Type 3 Regions (example a;)

@ First axis of space: ¢
» Mean of the 1-D Gaussian distribution: a7 o = +3

» Decision region : (+2 < gp < +00

1
Foe =1 Pt =170 ( N0/2>
@ Second axis of space: ¢,

» Mean of the 1-D Gaussian distribution: a;; = +1
» Decision region: (0 < g < +2

1
Pa|a7,1 = 1 7Pe|a7,1 = 1 - 2Q < N /2>
0

@ Conditional error probability
1 1
1-20— || =3
[ Q( No/2>] Q( N2

Pe‘a7:1_ [1_Q<1\2ﬂ>

)2 )

—
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M-ary detector in multidimensional space (ll)

q1 qi
Ll
IO I3 I() .+§ —_ o 13
I
¢ ¢ e | |
. o 7 w4 4
o 2 °
=il L I I

@ Decision regions form a grid, but not aligned with the axes (basis) of the space
» Change of coordinates: 45° rotation
* The decision regions are aligned with the new axes
* Now it is possible to calculate the error probability
vesm ‘ é}iggilj Marcelino Lazaro, 2023
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M-ary detector in multidimensional space (lll)

@ Decision regions do not form a grid

» It is not possible to calculate analytically the probability of error, nor make simple

transformations that allow it
* Can be calculated exactly by numerical calculation (computers)
* Analytically: approximations or bounds of the error probability
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Approximations for the error probability

@ They are useful when it is not possible or difficult to calculate the exact error
probability
@ Approximation of the error probability
» It depends on the distances between symbols

* Most likely errors: to decide a symbol at minimum distance from the transmitted
symbol

» Most common approximation
* Assumption: errors only happen with symbols at minimum distance

Pe ~ k Q dmin
2+/No/2

* d,.,: minimum distance between two constellation symbols
* k: maximum number of symbols at minimum distance from a constellation symbol
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Bounds on error probability

@ They are useful when it is not possible or difficult to calculate the exact error
probability, and a minimum performance (maximum error probability) must be
guaranteed

@ An expression is obtained that bounds the probability of error

» An upper bound guarantees a minimum performance

@ Frequently used bounds
» The Union Bound (tight bound)

* Bounds the error probability in a tight way
- The error probability is not far from the value of the bound
* |ts calculation becomes involved as the constellation size increases

» Loose bound
* Less tight bound but easier to calculate
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The Union Bound - Example

@ Example: to find a bound of the error probability for this constellation
@ Conditional probability of error P,
> Integral of fya (q|ao) out of Iy

* fqa(dqlag) is a 2D Gaussian centered at ag
* Integration of fy 4 (q]ao) in the highlighted area of the figure
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The Union Bound - Graphical interpretation

q q q
+1 Lao +1 Lao +1 lao

a
e | | i
—1 +1 qO =1 wrl qO
1 = —1 Taz
Pe(ag,a1) = Q (ZE/TT};) Pe(ao, a2) = © (:i/OTT;D
B N - . _ R V2
7Q(2 N0/2)7Q(W) 7Q<2 No/z)iQ(\/N»O)

@ Probabilities of error if there were only ay and another symbol a;

» Integrals of the Gaussian centered in a, in the half planes of the figure
* Added together, they form a bound on the probability of error
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The Union Bound - Graphical interpretation (ll)

q1

a0

@ The Union Bound is an UPPER BOUND

» The sum of the three terms integrates the Gaussian over the entire desired region

* Only once in the areas in RED
* Twice in the areas in YELLOW
* Three times in the area in BLUE
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The Union Bound - Upper Bound for P,

@ Bound for the conditional error probabilities

Pa < Z P.(ag,a;)) — Ingeneral P, < Y P.(a;,a))

MMg

@ The Union Bound

M—1 M—1 M—1 M—1 2. a
< pala;) P.(a;,a;) = pala;) Q( = )
2 o) 2 Pelove) =2 () 2 0\ 3 e

i=0 =
JF#i JEi
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The Union Bound - A tight bound of P,

10°

\
\\

ﬁ
i

T T

The Union Bound

T

Probability of error (P,)

N

~

._
9
)

\

\

Probability of error
=

\

\

10~*
1072
1076
0 2 4
“‘:’"“gg’igiiﬂ @ Marcelino Lazaro, 2023

6 8 10 12

E;/Ny (dB)
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Complexity of the bound

@ The Union Bound requires computing the distances between each pair of symbols
and evaluate the function Q(x) for each term
» Minimum number of distances (considering the symmetry d(a;, a;) = d(a;, a;))

M—1
Nistances = § k
k=1

(M = 4 — Naistances = 6)
(M = 8 = Nuistances = 28)
(M = 16 = Nistances = 120)
* (M = 64 = Naisiances = 2016)
@ The Loose Bound
» Assumption: all symbols are at d,,;, from the other M — 1 symbols

Peg(M—l)Q<2dmAZ/2>

* As there will always be symbols at greater distances, this expression is a bound for the union bound,
and therefore, is a bound for the probability of error

* % %
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veom | GofeSi OO Marcelino Lizaro, 2023 OCW-UC3M Communications Theory MDGC - Detector - Pe  148/185



Loose Bound
10°

T T

/|

Loose Bound

T

Probability of error (P,)

ﬁ
i

N

\N

A

\

Probability of error
=

\

\

10

0 2 4 6 8 10 12

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023

E;/N, (dB)
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Expressions of P, as a function of E;/N,

@ Performance curves are often represented as a function of the E; /N ratio
@ Common terms in error probabilities are usually written as

dmin A
2(sem) =2 (7hm)

@ In any case they can be rewritten as

ES dmin Es A\@ Es

— |, where — | or —

Q <v V N0> Q V2+/Es V' No Q VE; V No
SN—— S—~—

v v

» Factor v: constant value, which depends on the constellation
* The higher v is, the more efficient the constellation is
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Examples - Equiprobable Binary Constellations

@ In this case, for any dimension N |P, = Q d(a0, 1)
24/No/2

@ Two cases will be compared
» Case (a): Binary symmetric constellation (N = 1) (ag = +4, a; = —A)

» Case (b): Orthogonal constellation (N = 2) {30 = [8 ] , ap = [ 2 ]

@ Distances and energies
» Case (a): [Es =A%, d(ap,a;) = ZAJ Case (b): [Es =A%, d(ap,a;) = \/§A]
@ Calculation of the efficiency factor v

» Case (a): {v dag,a) _ 5, P.=0 ( 2]]\%)}

~ V2JE, 0
» Case (b): [v:i&?\’/?:l%&:Q( %)

‘‘‘‘‘‘‘‘
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Examples - Plot of P, as

a function of E;/N, (in dB)

—1
’ \Q\
-2 N \
s " \ \\
S N=2
3 1073 v = I\ \
Z
Q
g. 10_4 \ \
©
g \
: \
< 1073 \ \
10—6 \
0O 2 4 6 8 10 12 14
‘‘‘‘‘‘‘‘ E,/N, (dB)
whes| R Marcelino Lézaro, 2023 OCW-UC3M Communications Theory

MDGC - Detector - Pe  152/185



Encoder
@ Converts the sequence of symbols B[n], (obtained from the sequence of bits B,[¢]), into a
sequence of vectors with the discrete representation of the signals, A[n]
> Alphabet of A[]: (Constellation: {a;};', a; € RY)
* (M = 2" symbols — m = log, M bits per symbol)
* Binary rate: R, - Symbol rate: R;

1 1
[Rb = bits/s R, = 7 symbols/s (bauds) R, =m x RXJ
b

@ Constraints on constellation design: (Performance (P., BER)) and (Energy (E,))
» Distances between symbols (minimum distance)
» Energy per symbol: squared norm of symbols

Z|atk ajk‘

» Trade-off: guaranteemg a minimum distance, with the symbols as close as possible to
the origin of coordinates

* Zero mean constellation: [E[ai] =[0,0,---,0]" = 0]

N—1
d(a;,a)) = din = mmd(a,,a,) E{a} = llailP =) laiil
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Encoder - Sphere Packing

@ The tradeoff between distance and energy can be understood as a problem

of packing spheres of a constant diameter
» Guaranteeing minimum performance is equivalent to guaranteeing a minimum

distance
k min
roio st )

» Symbol: sphere centered at a; with diameter d,;,
* Two spheres in contact are at a distance d,,;;,

o

» The design problem can be stated as
* Place M spheres of diameter d,,;, in the smallest possible space (N-D space) and

. centered at the origin (zero mean)
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Sphere Packing
@ Design in 1-D space

| dmin J dmin l dmin L dmin J . . .
| 1 0 N 1 M equispaced points - Coordinates:

W {{idnzlinj3 dmin’...j:i:(M_l) drgm}}

\MM ’
T T | T T
T T T T T
_ 2 dmin _dpin 0 dmin dmin
3 2 2 2 3 2

@ Layout in 2-D space
» Circles are formed from a central sphere
» They are rearranged so that the mean is zero

2D Space - YES 2D Space - NO
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Rectangular vs Hexagonal arrangements
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Equivalent constellation with zero mean

@ The probability of error depends on the relative positions between symbols
» These relative positions define the distances d(a;, a;)

@ Fixed distances: the minimum E; is obtained if the constellation has zero mean
@ Transformation into equivalent zero mean constellation

> Mean of the constellation |Efa;] = _ pa(a;) a;

* N dimensional vector (one value for each coordinate of a;)
» This average is subtracted from each symbol of the initial constellation

a] = a; — E[a)]

* The mean of the new constellation is zero

M—1
E[az/] = ZPA’(at/') a; = [0307' o aO]T =0
i=0

pa(a;)
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Equivalent constellation with zero mean - Example
@ Constellation with M = 4 symbols, p,(a;) = § Vi

e[ F =[] =[5 ] == [3]]

> Average energy per symbol

(R R O R (R R O s

@ Mean of the constellation

[E[a,-]zi[05}+i{?%i[é}*i{iﬂ:{ﬁ H

@ Modified constellation: a; = a; — E[a,]

[agzao—E[ai]=[:} },a{:al—E[ai]:[i_} },aﬁ:[—l },ag:[ﬂ H

> Average energy per symbol

o= fevr 0§ oo oo+ o o] =3
veom | e Marcelino Lézaro, 2023
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Equivalent constellation with zero mean - Example (ll)

a as
® + +2 (] +2+
) a
+14+ O E[a;] ® +1 )
) a) E[a,‘}
—t———F—+—@—+ f f f f
-2 -1 +1 +2 -2 -1 +1 +2
-1+ ® 1t [ ]
ay) aj
-2+ oL
INITIAL CONSTELLATION MODIFIED CONSTELLATION

T w—
it ‘ Sariostt @ Marcelino Lazaro, 2023
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Encoder Layout (2D constellations)
@ Sphere Packing
» Optimal: minimum P, for a given E;
» Hexagonal constellations

» Hexagonal decision regions

@ Practical considerations

Simplicity of transmitter implementation
Simplicity of the receiver - Decision regions
Constant energy per symbol

Peak power / average power ratio

v

v

v

v

[Other constellations: QAM, PSK, unipolar, orthogonal, ]

—
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Hexagonal Constellations

E,=2J E,=2J
00
00

QAM and Hexagonal constellations for M = 4 (unit ratio in E;)

E,=10J

0000
0000
000

°
N

QAM and Hexagonal constellations for M = 16 (0.875 ratio in E;)

iversdd
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Hexagonal Constellations (ll)

::
00
— > AA"W < P\
020020
> onv X vw onv <
N 0R0:{020%
R 0R0S0%0,
> A‘ow Aow (o) Aow <
(e bt oY & d o pde)

|
g \‘°V \°V \°V ) v" A
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E, =31.278J

{ <
>l

<

< ) P> AAo
OROROR020
R OR0R0=0=
> \onw AA"W A.°7 <
- 1

64 (0.7447 ratio in E;)

OCW-UC3M Communications Theory
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QAM Constellations

4-QAM
(2-PAM) x (2-PAM)

@ Points on a grid

q1
a ° L] L] L J L L] L] L L
o L o © o o o o100 o o o
O o e o o106 o o o
L e T+ o L J
O o e o o0 o o o
‘ ‘ ‘ ‘ q0 © ®© e o o0 o o o q0
° e + o °
O o e o o0 o o o
° o - o ° O o e o o0 o o o
O o e o o0 o o o
16-QAM 64-QAM

(4-PAM) x (4-PAM)

» Ease of transmitter / receiver implementation
* Generation / Detection: independent for each coordinate

T w—
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PSK Constellations

A

A

Ag

Ay

Constellations 4-PSK (QPSK), 8-PSK and 16-PSK

@ Points on a circle of constant radius
» Constant energy for all symbols
it ‘ é}iggiﬁ Marcelino Lizaro, 2023
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Binary Assignment

@ Binary Assignment : [Bits to Symbols conversion B, [¢| — B[n] (A[n])]
» m bits are transmitted in each symbol b; (a;)

[M = 2" symbols — m = log, M bits/symbolj

@ Objective of the binary assignment (values of the m bits for each symbol)
» Bit Error Rate (BER) minimization

@ Optimal binary assignment technique
» Gray codes

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Gray code

@ The m bits assigned to symbols at minimum distance differ by only 1 bit
ag =01 a; =00 a, =10 az; =11

e | e | o |

-3 -2 -1 0 1 2 3

» For a high signal-to-noise ratio
* Majority or symbol errors: decision of a symbol at minimum distance
* Such a symbol error: a single erroneous bit out of m bits

1
BER ~ — P,
m

: number of bits per symbol
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Gray QAM Encoding

0001 0101 1101 1001
01 [} [) [ °
0000 0100 1100 1000
00 ° ° [ [
0010 0110 1110 1010
10 ° ° [ [
0011 0111 1111 1011
11 [ ) [ °
00 01 11 10

veom | &2 [(@GOBB] 1 reclino Lizaro, 2023 OCW-UC3M Communications Theory MDGC - Detector - BER 167/185



Gray PSK Encoding

A
® 000
100 ® ® 001
101 011
® L4
Ao
111 @ ® 010
110

ﬂﬂﬂﬂﬂﬂﬂﬂ
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Calculation of the Bit Error Rate (BER)

M—1
@ The conditional BER is averaged [BER = » _ pa(a;) BER,
i=0

M—1
My a: .
® Calculation of conditional BER |BERy, = 3 Pejyy gy — ot
m
J=0
J#i

> Peja, " Probability of transmitting A[n] = a;, decide Aln] = a;

{Peaiaaj = fq|A(q0|ai) dqo}
Q<]

> Me|q,q,- NUMber of bit errors involved in that decision
» m: number of bits per symbol of the constellation
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Example - 1-D space M-ary
@ Example:

> M = 4, equiprobable symbols p4(a;) = 3
» Constellation: (ag = -3, a; = —1, ay = +1, a3 = +3]
» Decision regions: 3 thresholds

[qul = _27 Qu2 = 07 qu3z = +2}

[10 = (—00,~2], I} = (=2,0], I = (0,+2], I = (+2, +00)
» Binary assignment

00 a, =10 a3=11

w e |l

| |
| |
3 2 -1 0 1 2

L 4
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Calculation of BER,,

v

~

@ Binary assignment: (ap =01, a; = 00, a, = 10, a3 = 11)
@ Distribution fy4 (q|ag): Gaussian with mean a, and variance Ny /2

1 E 1
o) <] &
Pelag—a, mda‘,’%
3 5 2 5 1
) B ) A 2 3
Pelag -, Tl Pelag—ay S
el Marcelino Lézaro, 2023 OCW-UC3M Communications Theory MDGC - Detector - BER 171/185



Calculation of BER,,

qa(afar)
¢ o L >

@ Binary assignment: (ao =01, a; =00, a, =10, a3 = 11)
@ Distribution fy4 (q|a;): Gaussian with mean a, and variance Ny /2

1 1 3 1
g 77| eI G ) B ) e

P Me|a; —ag
elaj—ag m

< 3 >:| \2,4
0 X 5
No/2
Me|a] —ay

Pe|al~>a3 m

SR

Pe\al—mz

+

MDGC - Detector - BER 172/185
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Calculation of BER,,

faia(qlaz)

A

@ Binary assignment: [ao =01, a; =00, a, =10, a3 = 11]

@ Distribution fy4 (q|a2): Gaussian with mean a, and variance Ny /2

e — 3 2y o 1 o 3 L]
"2 No/2 2 No/2 No/2 2
NY——— m

Pe|22—>ao % Pe\az—ml e\azm—ml
+ |0 ! x |
No/2 2
—————————
Pe|az~>a3 e\a%n—ng

T w—
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Calculation of BER,,

faa(qlaz)

‘ PR R

@ Binary assignment: [ao =01, a; =00, a, =10, a3 = 11]
@ Distribution fy4 (q|a3): Gaussian with mean a; and variance Ny /2

5 1
BER,, = —
: P( %ﬂﬂx 2
—_——

5

No/2

)]

3
+ —
() -
Pe|a3 —ag % PE‘“S 731
+le(— o(— x 1
No/2 No/2 2
Pe‘a3~>a2 e\a%n—mz

T w—
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Influence of the binary assignment

@ Previous assignment:

3 1 1 3 1
wen= 3o ) + 32 () -4

@ If the binary assignment is changed

ag =11 a; =00 a, =10 az; =01

|
|
-3 -2 -1 0 1 2 3

> Terms that do not change: Peja—q;
> Terms that do vary = The BER varies !l

5 1 1 3
BEES ZQ( No/2> - ZQ< Na/2>

—
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Density of constellations

@ Constellation size increase (M symbols):
» Increase in binary rate

* Increase the number of bits per symbol m = log, M

» Performance reduction for a given E;
* Reduction of the distance between constellation points

M (symbols)  m (bits/symbol)

Example for constellations M-QAM

E; with normalized levels (din = 2) | dyin With E; = 2

4 2 2 2
16 4 10 0.8944
64 8 42 0.4364
256 16 170 0.2169
2-QAM 16-QAM 4-QAM 256-QAM
° ° ¢ . . . . . . . .
et e 1 1
; " " 't " P :
—1 +1 . . .
Universidad — — —
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BER as a function of E;/N, or E, /N,

@ Performance is often represented as a function of E; /N, or E,/N,

. . . E;
» E,: Average energy per bit of information
m

@ Common terms in error probabilities are usually written as

A
Q( No/2>

@ In any case they can be written as

{Q (v %) or Q (v\/ﬁ \/]If]:f)) , Where v = %ﬂ

» Factor v depends on the constellation

‘‘‘‘‘‘‘‘
veom | GofeS OO VMarcelino Lazaro, 2023 OCW-UC3M Communications Theory MDGC - Detector - BER 177/185



Digital Transmission - Transmission Rates

Bh [f] ( N

—  B[n] Aln] s(t)
Bits 4> Modulator —l
Digital Modulat
Byll] )
] [n] q[n] r(1)
Bits Demodulator [«

Digital Demodulator

[

J

@ Encoder: constellation of M symbols with (m = log, M bits/symbol)

@ Two rates: transmission of 1 symbol (m bits) every T seconds

» Symbol rate ERS = % symbols/s (baud)}

, . iy s T
> Bitrate (R, = m x R, bits/s) [Bn time: 7, = — seconds}
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Signal Generation

@ Encoder: constellation of M symbols (dimension N)
» Binary allocation of m bits per symbol
* Gray coding
@ Modulator: orthonormal basis of dimension N

» Association of a signal (of 7 seconds) to each symbol |s;(7) = Z aij x ¢;j(t)

@ Generation of the signal by blocks of size T seconds (symbol intervals)
» If A[n] = a; then s(¢) = sx(t — nT) innT < (n+ 1)T
* In the symbol interval associated to A[n] (nT < (n + 1)T) the waveform associated
to the corresponding symbol is placed
» Analytical expression of the complete signal

ZZA n] x ¢;(t — nT)

n  j=0

Aj[n]: coordinate of index j of symbol A[n]
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Signal Generation - Example A

Constellation (ENCODER) and orthonormal basis (MODULATOR)
@o(1)

ao‘zo a)

| +

i

A4

ool

—1

T
e
\/ !

Signals associated with each of the symbols: (so() = —1 x ¢o(1), s1(f) = +1 X ¢o(1))

i

'

b so(1) s1(1)
AT

+A+

Modulated signal for the following binary sequence (B,[¢(] =00101101100 ---)
s(1)

_ AL

0 0 7 0 oy 1
T w—
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Signal Generation - Example B

Constellation (ENCODER) and orthonormal basis (MODULATOR)
a £0 X0 #1(1)
+19

+4/2 4 +4/2
—1 +1 T T \ /
% . [ T
a0 =1 / \./ ! / \./ !
—-11 2 | 2]
VT VT

Signals associated with each of the symbols [so(t) =41 X ¢o(t) + 0 X ¢1(1), s1(t) =0 X ¢o(r) +1 x ¢1(t)}
+ 500 s1(0)

A+ +A+

N/

Modulated signal for the following binary sequence (B,[¢(] =00101101100 ---)
s(1)

N NN/ N\ _/ N N/
INAVARV; V V VIV] -

0o O 7 O op 1 oa3p 0 4p 1 sy !

T w—
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Signal Generation - Example C

Constellation (ENCODER) and orthonormal basis (MODULATOR)
R210) 1(1)

a; =01

[} 4
1 2 L 2 4
—1+ tVr +tvr
% T
T

ag =00 | a 10

1+

Signals: (o = —1 X 0 — 1 X 5050 = —1 X G +1 X 5050 = +1 X $u) — 1 X p0.50) = +1 X $u®) +1 X $10)
50(7) [3GI0) 52(7) T 53(1)
At +A+ +At +A
T T T T
% > H
\ t t t t
7A«J At e At

Modulated signal for the following binary sequence (B,[¢] =00 10 11 01 10 00 11000100 10 - -)

SNAD A AN AN LA A NN
YA \//\A/\{ L/\\/J\/\ '

0 90 7 10 op W a7 Ol 47 10 s5p 00 g7 Il 57 00 gy O o 00 jo7 10 yy7 -
—
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Signal Generation - Example D
Constellation (ENCODER) and orthonormal basis (MODULATOR)

¥
a =01 @o(1) 1(1)
e | o
+1 2 1 21
T AR SO
| | ,
—1 T T ot
e 1 o -2+ z -2+ 2
ayg =00 | a, =10
Signals: (w0 = =1 X 6.0 = 1 X 3,050 = —1 X ¢ + 1 X 30,50 = +1 X $0) — 1 X 0,50 = +1 X $u0) + 1 X b))
50 (1) IBIC 52(1) T s3(1)
At +A+ +A +A7
T IT T T
e > - > 1 > | >
t t t t
—A —A —at —I —at
Modulated signal for the following binary sequence (Bb[e} =00101101 1000 11 00 01 00 10 - - -
s(1)
T M I — [ ]
L L] -
—A
0 90 7 10 op W 37 Ol 47 10 s5p 00 g7 Il 57 00 g7 O o 00 jo7 10 yy7 -
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Choice of modulator

@ It has been seen that the same encoder can be combined with multiple modulators
(sets of N functions forming an orthonormal basis)
@ An encoder (constellation+binary assignment) determines
» Energy of the signals to be transmitted
» Benefits
* Probability (rate) of symbol error P,
* Probability (rate) of bit error BER
@ Choice of modulator
» Adaptation to the transmission channel
* Perfect fit:

(0100 < 1a) = 9u(1) © @i(j) x H (o) = @i(j) |

* Difficult to achieve exactly in practice

* Search for signals whose frequency response is in the passband of the
transmission channel
- Distinction between baseband and bandpass channels
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Frequency response of signals

@ Depends on the frequency response of the base elements
@ Example C

1i(jeo)

2 2
-5 0 +5 w (rad/s)
> Signals suitable for transmission on channels with “good response” around the frequency 27” radians/s
@ Example D

1i(jeo)

] ]
T T

T
2 2
-5 0 +5 w (rad/s)

> Signals suitable for transmission on channels with “good response” at low frequencies
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