Control Engineering Il

Topic 7:
Modeling and Analysis of Systems in State Space

C.A. Monje, D. Copaci, M. Malfaz, J. Mufioz,
L. Mena, L. Moreno, S. Garrido

2026

uc3m | Universidad Carlos lll de Madrid @@@@
OpenCourseWare

C.A. Monje, D. Copaci, M. Malfaz, J. Mufioz, L. Mena, L. Moreno, S. Garrido UC3M - CE Il



Problem 1

Linearize around an operating point the system given by the
following state-space equations:

X1 = axi + bxoxs

Xo = CX3 + XqUq

).(3 = U1 + XoXy

X4 = Xy + dX3(1 — U2)

Y1 =6Xy+ X
Yo = X3X4

Solution

To solve this problem, the Jacobians that allow the linearization of the
system must be calculated:

— =AX+B
ot X + bU
y = Cx + D
a bX30 ng0 0
B o 0O O C U4
A-Yw=lo o o x
1 0 d(1 — UQO) 0
0 0
X4 0
B:vuf‘X,UO_ 10 O
0 —dX30
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Problem 2 (1/3

Calculate the three canonical forms: Controllable, Observable and
Jordan, of the system whose transfer function is the following:
Y(z) Z+1
Uz) z2+13z+04

Solution
The transfer function will have the following coefficients:

Y(Z) B biz + by
U(Z) B az2 + a1z + a

@ Controllable Canonical Form:

The following expressions give us the sought canonical form:

- 15 ] (] = [2] oo

a a a

xi(k)| b
x;(k)} + —2u(k)

y(k) = [bo — b22_2 b1 — bgg—;] [ 2
2

If we substitute the coefficients of the transfer function we arrive at
the result;

X1(k—|—1) o 0 1 X1(k) 0

{xg(k n 1)] = [—0.4 1 .3] [xg(k) + 11| ulk)

v =1 1] )
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Problem 2 (2/3

@ Observable Canonical Form:
The following expressions give us the sought canonical form:

o A i B e 1

0= [0 3] [fl)] + 22w

If we substitute the coefficients of the transfer function we arrive at

the result:
[x1(k+ 1)] B [O —0.4] [x1(k)] N H u(k)
X2(k—|—1) 1 —1.3_ _Xg(k)_ 1
y(k)=1[0 1 ZEB

@ Jordan Canonical Form:
First we decompose the transfer function into simple fractions:

Y(2) _ z41 583 -2/3
Uz) z2+13z+04 z+05 z+038

The following expressions give us the sought canonical form:

C1 Co

Fa) =5t 7o
] [y ][]« [] e
y(k) = [c1 e [X;Eg] + Z—zu(k)
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Problem 2 (3/3

If we substitute the coefficients of the transfer function we arrive at

the result:
- [70° 0] ]+ [1] oo

y(k)=[§ —3 mg]
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Problem 3 (1/4

Calculate the three canonical forms: Controllable, Observable and
Jordan, of the system whose transfer function is the following:

Y(z)  (2+05)(z—0.4)

U(z) (z+1)(z—0.5)(z—-0.95)

Solution

The transfer function will have the following coefficients:

Y(Z) b222+b12+bo z24+01z-0.2

U(2) B a3z83 + az2+ajz+a 23—-0.75z+0.25

@ Controllable Canonical Form:

The following expressions give us the sought canonical form:

xi(k + 1) 0 1 07 [x(k) 0
{xz(kﬂ)] — [ 0 0 1 } [xg(k)] + {o] u(k)

X3(k + 1) —2—2 —2—; —g—i X3(k) al3
x1(K) bs
y(k) = [bo — b3g—g b1 — b32—; b2 — b3:—§] Xg(k) + —U(k)
xs(k)|

If we substitute the coefficients of the transfer function we arrive at
the result;
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Problem 3 (2/4

xi(k+1) o 1 0
IXQ(k+1)H 0 0 1”
xs(k +1) —0.25 0.75 0

@ Observable Canonical Form:

The following expressions give us the sought canonical form:

xi(k +1) 00 —2| [x(k) bo — b33
Xo(k+1)| = [1 0 =2 |xe(K)| + | b1 — bt | u(k)
X3(k + 1) 0 1 2—§ X3(k) b — b3g—§
[ X (k) b
y(k) = [o 0 %) |rek)| +utk)
" | xa(k) 3
If we substitute the coefficients of the transfer function we arrive at
the result;
X1(k + 1) 0 0 -0.25 X1(k) -0.2
xo(k+1)| =1 0 075 | [x2(k)| + | 0.1 | u(k)
X3(k + 1) 0 1 0 X3(k) 1

X1(k)
o[
k)

X3(
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Problem 3 (3/4

@ Jordan Canonical Form:

First we decompose the transfer function into simple fractions:

Y(z) z2+01z-0.2 A B C

Uz)  (z+1)(z—052 (z—052 z-05 ' z+1

We calculate the value of the coefficients:

(B+C)z*+(A+05B—-C)z+A—-05B+025C=2°+0.1z-0.2

Y(2) 0.0667 0.6889 0.3111

Uz) (z—0572 " z-05 z+1

The following expressions give us the sought canonical form:

C C C
F(Z) B (Z —1)\1 )2 + Z —2)\1 + Z —3)\2
X1(k+ 1) A 10 X1(k) 0
[Xz(k—i— 1)] = |:O A1 O] [Xz(k)] + [1] u(k)
X3(k + 1) 0O 0 X Xg(k) 1
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Problem 3 (4/4

If we substitute the coefficients of the transfer function, we arrive at

the result:
r(k - 1)] [0.5 1 0 ] [x1(k)] {0]
Xo(k+1)| =0 05 0| [xa(k)| + |1] u(k)

X3(k + 1) 0 o -1 X3(k) 1
X1(k)
y(k) = [0.0667 0.6889 0.3111] {xg(k)]
x3(k)
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Problem 4 (1/4

Calculate the three canonical forms: Controllable, Observable and
Jordan, of the system whose transfer function is the following:

Y(z) (z+0.3)(z—0.5)(z+0.8)

Uz) (z—-1)3(z—-0.5)(z+0.2)

Solution

The transfer function will have the following coefficients:
Y(Z) B b323 + b222 + byz + by
U(2) ayz*+ a3z + @22+ a1z + ag

Y(z)  z°4+062z°-0.31z-0.12
U(z) z*-23z8+15z22-0.1z-0.1

@ Controllable Canonical Form:

The following expressions give us the sought canonical form:

k1] [0 1 0 07 [x(k)] [0
X2(k—|—1) B 0 0 1 0 Xg(k) 0
xwk+1)| =10 0 0o 1| |xk| T |o]uk
atk+1)] -2 -5 -2 -2 (W] 2]
.
b
y(k) = [bo— ba2 by — by by — by by — by2] zgg + 24 u(k)
4
| Xa(K)
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Problem 4 (2/4

If we substitute the coefficients of the transfer function we arrive at

the result:
xik+1] [0 1 0 07 [xk)] [0
Xo(k+1) 0 1 X2(k) 0
ke = 1o o o 1] |ato| o] Uk
sk +1)| 01 01 —15 23| (k)| 1]
e
y(k) = [-0.12 —0.3 0.6 1] 2&’8
| Xa(K) ]

@ Observable Canonical Form:

The following expressions give us the sought canonical form:

x1(k +1) 000 —Z—g' X1 (k)] _bo—b42—2_
Xo(k+1)| |1 00 —2| |xy(k) by — by&!
xa(k+1)| — [0 1 0 —2| |xs(k) + by — by 22 u(k)
Xa(k+1) 001 —2| [xak)] bs — by

0| b
A
(k)
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Problem 4 (3/4

If we substitute the coefficients of the transfer function we arrive at

the result;
xi(k+1) (0 0 0 017 [x4(k)] [—0.12]
xo(k+1)] |1 00 0.1 x2(k) —0.31
xalk+ 1) =10 10 —15| |x(k)| T | 06 | 4K
_X4(k+1)_ _O 0 1 23_ _X4(k)_ i 1 i
1 ()T
X2(K)
KY=1{0 0 0 1
y(k) [ ] x3(k)
| Xa(K) ]

@ Jordan Canonical Form:

First we decompose the transfer function into simple fractions:

Y(z) z*+0.6z2—-0.31z-0.12

Ulz) (z—1)?(z-0.5)(z+0.2)

A N B N C N D
(z—1?2 z—-1 z-05 z+02

We calculate the value of the coefficients:

B+C+D=1,
A—-05B-18C—-25D=0.6
—0.7A—25B+0.6C +2D = —0.31,
~01A+B+0.2C—-05D=-0.12.
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Problem 4 (4/4

To solve this system, we use Matlab, putting the system in matrix form
(Ax=B) and using the command x=A\B.

Y(z) _ 275 062 226  —0.64
Uz (z—-1)2 z-1 z-05 z+02

The following expressions give us the sought canonical form:

o C1 Co C3 Cy
F(Z)_(Z—)\1)2+Z—)\1+Z—)\2+Z—)\3
X1 (k + 1) _)\1 100 (k)_ 0

(k-|-1) 0O » 00 Xg(k) 1
xo(k+ 1) =10 0 2 0| |x(k)| ™ [1] YK

k) 1
_X4(k—|—1)_ _0 00 )\4_ _X4(k)_ 1

If we substitute the coefficients of the transfer function we arrive at

the result:
[ x1 (k+1)] 1100 | [x(k)] [O]
2(k+1) . 0100 Xg(k) 1
xa(k+1)| = 0005 0] |xk)|"|1] YR
| Xa(k +1) | 0 00 —02] [xa(k)| [1]
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Problem 5 (1/2

Obtain the matrices T that allow the conversion to the observable
and controllable canonical forms given the following system:

k0] =15 8 [t o) e

y(k)=[3 1] [2,83]

Solution

For the observable canonical form:

1zl — G| =(z—1)(z—-3)=22—4z+3=0

N=[C'GC = (f g)

w-(%5)- (1)

m-1 (—0.25 —0.25
T=(WN) = ( 0.75 1.75)

The matrices of the transformed system are:

/71 _ 0 -3 r 71 _ —7 / _
G=T GT_(1 ) H=T'H=(5) C=CT=(01)

The transformed system remains:
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Problem 5 (2/2

For the controllable canonical form:
M=[H GH] = (]
02
(a1 (4 1
W= (1 o) = ( 1 0)
-3 1
T =MW = ( 5 O)
The matrices of the transformed system are:

/ _ T-—1 _ 0 1 r 71 _O ! _ (_
G=T GT_<_34 H=T'H=(]) C=CT=(-73)

The transformed system remains:

= 3 ]+ oo
- 9 1]
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Problem 6 (1/3

Obtain the transformation matrix T that allows converting to the
Jordan canonical form for the following state representation:

xi(k+1) -1 0 0] |x1(k) 0
Xolk+1) =11 2 1| |x(k)| + |2] u(k)
Eati R =R

Solution

First, the characteristic equation is obtained:

M—Gl=(A\+1)(A—-2)(A—-3)=0
The eigenvalues are:

AM=—-1 A2=2 N\3=3
We calculate the vectors for each eigenvalue:

- )\1 = —1 .
-1 00 V11 V11
1 21 Vio :)\1 Vio
0 03 V13 V13

We solve the following system of equations:

— Vi1 = — V4
Vit +2Vi2 + Vi3 = —Vp2
3Viz = — Vi3

-3
V13:0 V11:—3V12—>V12:1 71(1>
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Problem 6 (2/3

-)\2:22

We solve the following system of equations:
— Va1 = 2Voq

Vo1 + 2Vop + Vo3 = 2V
3V23 = 2V23

0
Voy =0 Vog =0 — Voo =1 Vo= (1)
0

We solve the following system of equations:

— V31 = 3V34
V31 + 2V32 + V33 = V3o
3V33 = 3V33

0
Va1 =0 Veo=Vag > Vag =1 V1= (1)
1

The transformation matrix T is the following:

300
T=(1 11
0 01
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Problem 6 (3/3

The matrices of the transformed system are:

-1 00 0
G=T'GT=|0 20| H=T'H= |1
0 03 1

C'=CT=(-901)

The transformed system remains:

X)(k +1) 100
X(k+1)| =0 20
3

x3(k+1) 0 0
X (K)
y(k)=(-9 0 1) | x5(k)
x3(k)
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